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Abstract

An extension of Mercer’s theorem to quaternionic valued kernel funstisith applications in the field of machine learning
is presented.

I. INTRODUCTION

In it's best known form, Mercer’'s theorem may be stated aoved [1]:
Theorem 1:Let K : R® x R®* — C be a continuous, non-negative definite, Hermitian kernéh wigenvalues ), } and
eigenfunctions{¢, }. Then:
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the series being uniformly and absolutely convergentxiny).

A number of generalisations to Mercer's theorem may be founthe literature, in particular dealing with kernels :
Y x Y — C for various choices of". However there would appear to have been (to the best of t®rsi knowledge)
no attempts made to extend Mercer's theorem to cover nomlexmvalued kernels. In the present paper we show how
Mercer's theorem may be extended to cover one such familyeafieds, namely the continuous quaternionic valued kernels
K : R" x R™ — H. As quaternions provide a powerful tool for describing getnic problems [6] we anticipate that this
extension will find applications in geometrical learninglpiems.

Throughout this paper the quaternionic division algebia [[3] will be denotedH, the field of complex number§€ and
the completely ordered field of rea®. The conjugate and norm af € H will be denotedz and |x| respectively, where
|z|> = zz € R\R~. We defineR* = (0, ) to be the set of positive real,~ = (—oco,0) the set of negative reald] the set
of natural numbers including, Z, = {0,1,...,p — 1} the set of integers modulp (with the extension&., = N, Z, = 0),
N> = NU {oo}, and L? the set of square integrable quaternionic functionsRén
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L2:{w:R”—>H

We begin by extending some standard notation to the quatdmntase. Given two functiong, ) : R — H we define a
binary operation¢, v):

0.0) = [ 5690 (xdx
x€ER™
and by analogy with the usual definitions we say that a setmgtions{ ¢, : R™ — H|v € Z,,} is orthonormalif (¢, ¢,) =

duy for all p, v € Z,,, whered,,,, is the usual kronecker-delta symbol.
For all ¢, : R® — H, \ € H:

¢, ) = (¥, )

U, 0) A = (1, pA)
A, 0) = (¥, 6)
(6, ¢) € RT U{0, 00}

It should be noted thafe, ¢)) this is not an inner product in the usual senséiais not a field. It is simply a notational
convenience used for consistency with the standard form exfcht’s theorem.

We define a quaternionic kern&l to be any functionk : R® x R® — H. The conjugateKt of a kernelK is defined by
KT (x,y) = K (y,x). A quaternionic kernel mapperateon a function¢ : R® — H to obtain another function) = K¢ :
R™ — H defined by:

P (x) = K (x,y)¢(y)dy

YyER™



where it may be seen that: .
(K1, ¢) = (¢, KT9)
Given two quaternionic kernel& and L we define the sum and product quaternionic kernels using:
(K+1L)(xy) = K(kxy)+L(xy)

(KL) (x,y) = K (x,z) L(z,y)dz
zER™
noting that(K + L) ¢ = K¢ + L¢ and (K L) ¢ = K (L¢).

A Hermitian quaternionic kernel is a quaternionic kerr€l for which K (y,x) = K (x,y) for all x,y € R”, and hence
KT = K. A non-negative definitgquaternionic kernel is a quaternionic kerré€lfor which (¢, K¢) € R\R~ for all ¢ € L2.
Using the above results, it may be seen that any non-negégiimite kernel will be Hermitian (but not vice-versa in geaip
For the remainder of the paper we will consider only Hermiti@rnels.

Following the usual definitions, a homogeneous Fredholmgial equation of the second kind is an equation:

¢ = (K¢)A

whereinK is a known Hermitian quaternionic kernel function, ahdR™ — H, \ € H are unknown. For any solutia, \) to
the homogeneous Fredholm integral equation of the secomtviké call¢ an eigenfunction of and A\ an eigenvalue of<. A
basis set of such solutions, with orthonormalised eigestfans, will be written{ (¢,., A\,)| v € Z,,p € N*°}. Orthonormality
may be achieved using the standard Gram-Schmidt procedure.

We now present some preliminary results:

Theorem 2:All eigenvalues), of a Hermitian quaternionic kernét” will be real, and furthermore all eigenvalugs of a
non-negative definite Hermitian quaternionic ker@elwill be positive.

Proof: To begin, suppose thdt is Hermitian, but not necessarily non-negative definited.¢.eR™ — H be a normalised
function (ie. (¢, ¢) = 1). Now, as K is Hermitian, (¢, K¢) = (K¢, ¢) = (¢, K¢) and hencelp, K¢) € R. Given this,
(6, K&) A= {6, (K$)A) = (¢,6) = 1, and as(p, K¢) € R, (¢, Kd) A= A (K, 6) = (Kd) A, ¢) = (¢, 6) = 1, from which
we see that = A, and hence\ € R.

If K is non-negative definite and Hermitian, suppose that< 0 for some p. Then, as the eigenfunctions are
orthonormal, (¢, K¢u) = (du, Kbp) MuA, b = (b, (Kbp) Au) Ayt = (b, d) At = At € R, But this contradicts the
assertion thaf is non-negative definite, and so we may conclude that allnegjaes must be positive reals in this cass.

Theorem 3:Let {(¢,,\.)|v € Z,,p € N*°} be a basis set of eigenvalues and eigenfunctions assoaiatiecthe non-
negative definite Hermitian quaternionic kerri€| and letm € Z,, . Then:

oy (X) oo (Y)
K, (xy) =K(xYy)— —_—
(x,¥) (x,¥) Vezzm N

is also non-negative definite.
Proof: Note thatk,, is Hermitian. Now:

=Y Gulbu )+ Ur
HEZLm,

where asy € L? it may be seen thatp,,,vr) = 0 for all . € Z,,. Hence:

<¢%f(¢> = < EE: ¢M<¢M7w>7}( 2{: ¢V<¢an>> +‘<¢R>I(¢R>
WE L, VELm
+ < > o <¢u,w>,KwR> + <¢R7K > oy <¢u,w>>
VEZLm VEZLm
— Z <¢/u¢> <¢/L)\7V¢V> <¢Da¢> + <1/)R7K¢R>
WV €Ly,
+ 2Re<<¢Ra K Z ¢V <¢w¢>>>
VEZLm
2
_ 2{: |<¢i{¢0| + @ﬁRaigdqa + 92 ZE: er<:@b33¢33<¢uaw>>
VELm, v VELm v

= > 7“%):@' + (YR, Ktor)

VELm



Furthermore, defining (x,y) = > M:
VELm ’

i) = Y (w00
VELm v
_ (6w, )
and hencey, K,,v) = (Yr, Kig) > 0 (as K is non-negative definite), which proves the theorem. ]

Theorem 4: K (x,x) € R\R™ for all x € R” for all continuous, non-negative definite, Hermitian quai@nic kernelsk.
Proof: For a continuous, non-negative definite Hermitian quaterini kernel K we know that(¢, K¢) > 0 for any
¢ € L%. Consider the continuous positive real function:

¢6(X):{O if |x—xo| >0

02— |x —xo|® if [x—x0| <0

whered € R*. It is clear thatps € L? and (¢s5, K ¢5) > 0.

Supposek (xg,%g) # 0 for somex, € R™. Then by continuity there existsc R such thatk (x,y) = ¢ (x,y) K (x0,X0)
wheregq (x,y) > 0 for all x,y € {z € R"||z — x¢| < ¢}, and hence sgfi¢s, K¢s5)) = sgn(K (x0,X0)). It follows that for
all continuous, non-negative definite Hermitian quatenitickernelsK (x,x) € R\R™ for all x € R". ]

This provides sufficient basis to begin considering the lgmbat hand, namely the extension of Mercer's theorem to the
case of quaternionic kernels, viz.:

Theorem 5:Let{(¢,,\,)| v € Z,,p € N} be a basis set of eigenvalues and eigenfunctions of thentmmis, non-negative
definite, Hermitian quaternionic kern&l. Then:

Kxy) =Y M 1)

VEZLyp

the series being uniformly and absolutely convergentxiny).
Proof: Having established the precursor results and extendedthation appropriately, the proof of this theorem precisely
follows that given in [1], page 197-199 (similar proofs mdgoabe found in [4], [8], [2], [5]).It is summarised here for
completeness.
Given thatK is a continuous, non-negative definite, Hermitian quaterici kernel, it follows that (x,x) € R\R~ for all
x € R™. Theorem 3 implies that for ath € Z,4:
Pv (x) du (y)
Ko (x,y) =K (x,y) = > ~

VELm,

)
is also non-negative definite. Henég,, (x,x) € R\R™ for all x € R", and:

2
> W\ﬂ < K (x,x) forall m € Z,,,,x € R"
VEZP v

Taking the limitm — p, we see that the series on the left-hand side of this expressiust converge (absolutely) for all
x € R and furthermore:

2
0< Z w < K (x,x) gMz)Eré%%K(x,x) for all x € R™
vEZyp
Using this result and the Cauchy-Schwartz inequality wetbaefor all4, j € Z,1 wherei < j:

5 by () b0 )]\ 5 by 12 (<= |80 ()]}
(wa(y)D <Z¢§)|><Z’ Aj|>
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eM for all 4,5 > N (x,¢€)

from which we see that the series (1) converges uniformly ifor eachx, and by analogy converges uniformly in for
eachy, and moreover the limit function in either case is the ketkie! Hence the series of positive continuous functions in

1Use is made here of a Lemma from [1], page 196, the proof of whielalty carries over to the present case.



(2) must have as a limi{ (x,x), and therefore by Dini’s theorem the convergence of thet lfomiction must be uniform. It
follows that thex dependence oN (x, ¢) is extrinsic, and so the uniform and absolute convergendbeoeries (1) follows.
[ |
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