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Abstract.  We re-examine the basic hybrid control set-up of a contin u-
ous plant in a closedfeedbad loop with a nite state control automaton
and an interface consisting of an A/D map and a D/A map. We address
the question of how dynamic speci cations can be formulated indepen-
dently of a particular A/D map, and of the e ect of re ning an A/D

map. The main contribution of this paper is that it extends the frame-
work of supervisory controller synthesis for hybrid systemsto include
more general dynamic speci cations, and demonstrates how to employ
known results to solve these synthesis problems.

1 Intro duction

The basic hybrid control con guration consistsof a continuousplant in a closed
feedbad& loop with a nite state supervisory cortroller, linked by an interface
consistingof an A/D map and a D/A map, converting a contin uous plant output
signal into a discrete cortroller input signal, and converting a discrete cortroller
output signalinto an input to the cortinuous plant, respectively [16,12,7,5]. Of
a particular interest here is the task of controller design;e.g.[7,16,9,4] study
classesof cortrol problems in which the continuous plant and D/A map are
given, and the task is to construct an A/D map and a supervisory cortroller so
that the closed-lop systemful lls various speci cations. Oncethe A/D map has
been constructed, the overall plant exhibits discrete event inputs and outputs.
Languageinclusion speci cations can then be addressedby tools from DES the-
ory (e.g.[14,15]) and/or within the framework of Willem's behavioural systems
theory (e.g. [17]). Consequencedor the hybrid cortrol con guration are drawn
in [7] and [10], respectively.

In this paper, we re-examinethe basic hybrid control con guration and ad-
dresshow cortrol objectivescan be stated independertly from a particular A/D
map, including a discussionon what e ects one may expect from re ning an
A/D map. This matter is of a specic interest whenewer a cortroller synthesis
procedureinvolvesA/D map re nement; this is the casein e.g.[7,16,4,9].



On the technical side, we use behavioural systemstheory as a framework
for our discussionasit cleanly accommadates both motion in contin uous space
and time, and discrete execution sequencesin that theory, a dynamical sys-
tem is a triple (T;W;B), where T R is the time axis, W is the signal space,
and B WT = ff jf: T ! Wgis the behaviour. Functionsf:T ! W
are trajectories, and the behaviour B is viewed as the set of all trajectories
compatible with the phenomenamodelled; tra jectories not in B cannot occur.
Typically, a behaviour B is de ned to be a solution set of a more detailed
model; e.g.an ODE for the contin uous case.For our purposes,we also consider
a behaviour B to expressdynamic speci ¢ ations, where the trajectories in B
are those deemedacceptableor permissiblefor that speci cation, and those not
in B are unacceptableor prohibited. With respect to the plant dynamics, our
behavioural speci cations are similar to the language speci cations from DES
theory: we ask the closed-lmp behaviour to be a subsetof the dynamic speci -
cation behaviour. However, in cortrast to DES theory, we also needto address
the continuous aspects of our hybrid control con guration. Therefore, we inves-
tigate continuous-time, contin uous-spacedynamic speci cations as behaviours
overT = Ry :=[0;1)and X R". The principal caseis piecewise-cotinuous
functions x: Ry ! X, sincethis is what can be generatedby a switched plant.
For an A/D map from X into Y, with Y nite, we then ask what it meansfor
continuous dynamic speci cation to be captured by a discrete behaviour, over
time axis T = N, with words/sequencesy 2 YN, using the A/D map and a lan-
guagespeci cation. This puts usinto a position where we can discussthe e ects
of A/ID map re nement with respectto the task of capturing a given contin uous
dynamic speci cation.

The body of the paper is organisedas follows. Section 2 consists of mathe-
matical preliminaries. In Section 3, we give a transition system represeration
of a switched plant coupled with an A/D map, which models the uncortrolled
plant when viewed through the lens of the A/D map. In Section 4, we assem-
ble the hybrid closed-lop and show the formal relationship betweenthe hybrid
control con guration and hybrid automata models[1,2]. In Section5, we formu-
late the supervisory cortrol problem, and give seweral illustrativ e examples of
continuous behavioural speci cations. Section 6 intro ducesthe notion of a con-
tinuous behavioural speci cation being captured by an A/D map together with
a discrete behaviour. A/D map re nement asit occurs within supervisory con-
troller synthesis proceduresis discussedin Section7. In Section 8, we shov how
{ in principle { we can solve the control problem for continuous dynamic spec-
i cations by using the notion of capturing and drawing from known results on
strategic A/D map-re nement and DES-style supervisory cortroller synthesis.

2 Preliminaries

We adopt the notation from set-valued analysis[3] in writing r: X Y to mean
r: X ! 2Y is a set-valua function, with set-valuesr(x) Y for ead x 2 X,
possibly r(x) = ?, or equivalertly, r X Y is a relation. The domain of a



set-valued map is dom(r) := fx 2 X jr(x) 6 ?g. The expressionsy 2 r(x) and
(X;y) 2 r are synonymous. Every set-valued map r: X Y has an inverse or
converser 1:Y X givenby: x2r Yy) i y2r(x).

A setvaluedmap : X Y istotal if dom( ) = X. A total map denesa
cover of the set X asfollows: for eahy 2 Y, dedie the setA, := y) X.
Then by the totalness condition, we have X = ., Ay, sothe family of sets
fAygyov givesa cover of X. We call the setsAy the cells of the cover . The
cover is nite if the range ran( ) := dom( 1), isa nite set. A cover de nes
an equivalencerelation on X of indistinguishability by cover cells: x ' x9i

(x) = (x9. A special caseof a cover map is when : X ! Y is a (single-
valued) total function, in which casethe cells Ay for y 2 Y are partition blocks
of the equivalencerelation '

Givena spaceX R", we shall usethe term continuous behaviour to refer
to cortin uous-time, continuous-spacebehaviours C X Ro . Note that functions
x: Ry ! X in Cneednot be continuous as maps. Given any set W, we shall
usethe term discrete behaviour to refer to discrete-time behaviours B~ WN.

A transition systemis a structure S = (S;W; ;Sp) where S is a non-empty
set of states; W is the external alphabet; : S W S is the (possibly not
deterministic) transition relation; and Sy S is a set of initial states.If jSj2 N
and jWj 2 N, then S is called a nite state automaton. Recall that W is the
set of all nite words over the alphabet W, including the empty word

A state execution sequen@ of a transition system S is a pair of sequences
(ssw) 2 SN wNor(s;sw)2S W sud that s(0) 2 Sg and s(k + 1) 2

(s(k);w(k)) for all k < len(s). A state s 2 S is S-reachableif there exists a
state executionsequencegs;w) and ak len(s) sud that s = s(k). A transition
systemS hasthe non-blacking property if for every S-reachablestate s 2 S, there
existsw 2 W such that (s;w) 6 ?.

De ne the discrete full state behaviour of S to bethe setB (S) (SN WN)
of all in nite state execution sequence®f S, and the discrete external behaviour
of Sto bethe set B (S) := PwB «(S), wherePw : S W ! W isthe natural
projection map. Given a discrete behaviour B~ WN, we say that a transition
systemS = (S;W; ;Sp) is a state machine realization of B, written S = B, if
B ex(S) = B. In order to ensurethat the restriction to only in nite sequences
in the full state behaviour and external behaviour doesnot result in any lossin
the represenation of S, care must be taken to ensurethat S is non-blocking.

Let S = (S;W; ;Sp) and Q = (Q; W; ; Qo) be two transition systemsover
a common external alphabet W. Their synchronous parallel composition is the
system SkQ:= (S Q;W;; Sy Qp), where(s%q®) 2 ((s;qg);w) if and only
if s°2 (s;w) and 2 (q;w).

3 Switc hed plants and A/D maps

A switched plant is a cortrol systemwhich consistsof a nite number of vector
elds, with the system switching between one vector eld and another. The



cortrol input to a switched plant is via discreteinput everts which selectwhich
vector eld is to be active.

De nition 1. A switched plant is a systemSP = (U;X;F), wher U is a nite
control (input) alphalet, X  R" is the plant state space (equipped with standard
Euclidean topology), and F: U X ! R" is a function de ning a nite family
of (time-invariant) di er ential equations x = F,(x), where for eachu 2 U, the
u vector eld isF, ;= F(u; ): X! R".

For example, a switched plant may arise from a cortin uous control system
x = f(x;v) and nitely many state feedbak cortrol laws g,: X | V. More
generally, one can also consider cortrollers with their own dynamics, and form
a switched plant from nitely many continuous closed-lap systems.

In order to ensurethat the state trajectories of a switched plant are well-
de ned, we assumethat the vector elds F, arelocally Lipschitz continuous,and
that the state spaceX is open. Then from ead initial condition xo 2 X, eath
di erential equation x = F,(x) has a uniqgue maximal integral curve in X on
a well de ned maximal interval of time [0; Ty(Xo)), Where Ty(xo) 2 Ry [ flg .
We denote this maximal curve by  (Xo; ):[0; Tu(Xo)) ! X. In the caseof
Tu(Xo) < 1, it is well known that ,(Xg; ) escapsfrom any bounded subset
of X at sometime lessthan or equalto T,(Xo).

De nition 2. An A/D map on a space X is atotal set-valuemap : X Y
wher Y is a nite set, with covercells Ay, X fory2 Y.

For any A/D map : X Y, we can assumewithout loss of generality
that Y contains a distinguished element z 2 ran( ) with the property that
A, = 1(2 = ?.In what follows, we usethe \dummy" symbol z as an output
symbol indicating that a trajectory will make no more switches.

De nition 3. Given SP = (U;X;F) andan A/D map :X Y, we de ne

the transition systemmodel Ssp. = (S;W; ;Sp) as follows:
S=X R; U Y
W=U Y

for (; )2U Y,dene: (x% %u%y9) 2 ((x; ;uy);(; ) i
either () y 6 zand 6 zandu°= andy’°= andy’6 y and
%= (x; © )2A and (x;t)2Ayforallt2[0; © ],

or (i) y6 zand = zandu®= andy’= and (x;t) 2 A, for all
t2[0;1),

orelse(ii): y=zand =zandu®= andy®=

So =S

For an in nite state exeution sequen@ (s;w) 2 B (Ssp. ), we identify the
seuene elementsby writing s(i) = (Xi; i;ui;yi), and w(i) = ( i; i), for each
i 2N. LetBgsp. = Bex(Ssp. ).

The discrete behaviour B gp. (U Y)Nis the uncontrolled external be-
haviour of the plant SP with discrete inputs U, when viewed through the lens



of the A/ID map to give discrete outputs Y. The piecewise-cotin uous state
tra jectories of the uncortrolled system(SP. ) canbe recoveredfrom the in nite
state execution sequencesn B ¢ (Ssp. ), asfollows.

Dene amap :Bg(Ssp. )! X Ro such that for each (s;w) 2 B«t(Ssp. ),
the function (s;w): R; ! X is given by:

(sw)(t) = (xi;t ) 1)

foralli2 N,forallt2[; j+1)if {6 z,andforallt2[;;1)if =2z Then
de ne: .
C(Ssp. ):=f (ssw)2 X% j (s;w) 2 Bst(Ssp. )9 )

Obserwe that for a state trajectory (s;w) of (SP. ), the i-th segmen during
the interval [ i; j+1) consistsof the ow accordingto input ; 2 U starting from
state x;, with the whole segmen lying within the cell Ay, up to and including
the starting point x;+1 of the next segmen, reachedat time i.; , and that point
Xi+1 liesin the overlap of cellsAy, \ Ay, , whereyij,1 = ;2 Y is the output
for stagei.

4 The hybrid closed-loop and hybrid automata models

Given a switched plant SP= (U;X;F) and an A/ID map : X Y, the tran-
sition systemSsp. over W = U Y is ableto acceptany input events from U
without blocking. This property is referred to as I/S/- plant form, and techni-
cally requiresthat for all reachable statess 2 S and all inputs u 2 U, there exists
anoutput y2 Y and ans®2 S such that (s;(u;y);s9 2 . Similarly, a potential
controller that is modeledby atransition systemQ = (Q;U Y; ;Qp) issaidto
bein I/S/- controller form if it at any time acceptsany output evert from Y as
generatedby the plant. Here the technical requirement is that Q is nhon-blocking
and that for all reachable states g 2 Q, for all transitions (q; (u;y);q% 2 and
for all cortroller inputs (plant outputs) y°2 Y, there exists g°°2 Q sud that
(a; (u;¥9; %Y 2 . Obviously, the parallel composition of a systemin I/S/- plant
from with onein I/S/- controller form is non-blocking, and this motivates the
following de nition of admissible supervisory corntrollers for switched plants:

De nition 4. Given a switchal plant SP= (U;X;F)andA/D map : X Y,
an admissible supervisory controller for the uncontrolled system(SP. ) is a
transition systemQ = (Q; W; ;Qp) overW = U Y thatisin I/S/- controller
form. The closed-lop hybrid system is the transition systemSsp. k Q. Let
B sup := Bex(Q). The discrete external behaviour of the closal-loop systemis

Bex(Ssp. kQ) = Bsp. \ B sup

From a state execution sequence(s;q;w) 2 B (Ssp. k Q) of the closed-
loop, we can recover a piecewise-cotin uousstate trajectory (s;q;w): Ry ! X
in the sameway as for execution sequence®f Sgp. . Let C (Ssp. k Q) denote



the setof all piecewise-cotin uoustra jectoriesrecoveredfrom the state execution
sequence®f the closed-lmp hybrid system.

The closed-lmp systemcanbe readily shovn to be aninstanceof the standard
hybrid automaton model [1, 2].
De nition 5. A hybrid automaton is a systemH = (Q; E; X;F;D;R) where:

Q is a nite setof discrete control modes

E: Q Q is the discrete transition relation;

X R" is the cortinuous state space

F:Q X! R" denes a nite family of vector elds Fq: X ! R", where

Fq:= F(q, ) for eachq2 Q;

D:Q X denesthe modedomain Dq:= D(g) X for eachq2 Q;

R: X E X is the set-valua reset map.
A function x: Ry ! X is a state trajectory of H if there exists a discrete
index setl = N or | = f0;1;:::;mg, a non-decreasing time-point sequene
(i)i21, with o = 0, a segquene of discrete modes(q )iz, and two sequen@s of
continuous states (x;)i2; and (%)i2,, the rst starting from xo := x(0), such
that for all i 2 1 andfor all t 2 [ i; i+1), the following conditions hold:

(L) x()= ¢(xiit 1) and x(t) 2 Dq

(2) if i<sup(l) thenx := lim, G (xi;t ) and x 2 Dy
(3.) if i<sup(l) then(g;g+«1)2E

(4.) if i<sup(l) thenxij+1 2 R(%;(G;G+1))

(5.) if i=sup() then ;1 =1

LetC(H) X Ro denotethe set of all state trajectories of H.

For each discrete transition (g; g% 2 E, the componert resetmap is Rgqo :=
R( ;g0 : X X, and the so-calledguard region is Gg;qo := dom(Rq,qe)  X.

Prop osition 1. Given a closal-loop systemformed from SP, and Q, de ne
the hybrid automaton H (SP; ; Q) = (Q;E:;X; F;D;R) as follows:
Q=f(Guy)2Q U Yj(O2Q) (g (uy;d2 g
F:Q X! R"givenby F((qu;y);x) = F(u;x) for all (q;u;y) 2 @ and
x2 X

for each (q;u;y) 2 Q, the mode domain D gy ) = Ay
E:Q & givenby:
(G uy)i(Culy)) 2Ei (g(uiy);a)2 andAy\ A ? (3
for each ((q;u;y); (0% u%y9) 2 E, the resetrelation is
Requy )i(euoyo = F6X)2X X jx2Ay\ Ay and x°= xg  (4)
Then
CH(SP; ; Q) = C (Ssp. kQ)

This result shavsthat every hybrid closed-laop canberepreserted asa hybrid
automaton with simple membership-testing resets.



5 Contin uous behaviours as dynamic specications for
supervisory controller synthesis

We addressthe following classof supervisory cortroller synthesis problems.

Synthesis Problem: Given a switchal plant SP and a continuous behaviousal
speci ¢ ation Cgpec, CoOnstruct an A/D map  and a discrete supervisor Q such
that the closel-loop behaviour ful | Is the following behaviouml inclusion:

C (Ssp. kQ) Cspec: %)

This quite general notion of a continuous dynamic speci cation givesus a
meansto place conditions on the evolution of a dynamical systemwithout refer-
ring to a model of the systemitself; tra jectoriesx 2 Cspec are deemedacceptable,
while trajectories x 2 Cgpec are deemedunacceptable. To indicate the broad
scoye of this notion of a speci cation, we give seweral illustrativ e examples.

Example 1: notions of stabilit y. Convergenceof tra jectoriesto an equilibrium
point x? 2 X is a necessarycondition for asymptotic stability. Consider the
contin uous behavioual speci cation:

Ceonv = TX:IRG ! X j lim x(t) = x’g (6)

Note that the speci cation Ceony doesnot require x? to actually be an equilib-
rium. This further condition can be expressedby:

Cequi := FX: Ry ! X j x(0)=x" ) (8t2Rj)x(t)=x"g: (7)

Obviously, we can combine the two speci cations by taking their intersection:
the speci cation Cequi \' Ceonv requires x? to be an equilibrium to which all
trajectories converge.

Example 2: circular motion. An elemernary example of hybrid cortroller
synthesis is given in [16], where the control objective is to enforce a clockwise
circular motion in the plane R?. While [16] refers to a particular A/D map
in order to formalise this objective, we give an alternativ e characterisation as
a cortinuous dynamic speci cation independert of any A/D map. Let TL :=
fl: Rg ! Ry j | is monotone, unbounded, cortinuousy be the set of time-lag
functions, and considerthe clockwise circular referencetrajectory r: R; ! R2
given by r(t) = (coqt); sin(t)). Then de ne:

Corc = FX:IRET X j (91 2 TL)(Bt2 RY) r(I()” x(t) > 0g  (8)

Visually, think of the referencer (t) asthe orthogonal to the separatorin arevolv-
ing door, rotating clockwise. The \lag" function | allows the revolver to rotate
at arbitrary angular velocities, while the inequality ensuresthat a trajectory x
must stay on the sameside of the separator at all times. Intuitiv ely, any person
within sud a revolving door will be forcedto make \steady progress"in a clock-
wise circular motion, sincethe separatorwill only allow \a quarter lap forth and
badc" relative to the referencetrajectory.



Example 3: static safety. The classicform of a safety property consists of
specifying a set Bad X, and requiring that no trajectory ever erters Bad.
Consider:

Caate = fX: Ry ! X j (Bt2R§)x(t) 2Badg 9)

This type of speci cation is static rather than dynamic in the sensethat it does
not change over time. We will return to these examplesafter introducing the
notion of capturing in the following section.

6 A/D maps and discrete behaviours

Our task hereis to formulate the notion of usingan A/D map : X Y to-
getherwith adiscretebehaviour B YN to \capture” or \enforce" a continuous
dynamic speci cation Cspec X Ro . Recallthat z2 Y isa distinguished symbol
which we useto indicate that no more switcheswill occur.

Denition 6. LetTP:=f :N! Rjj (0)=0"~(8i2N) (i)< (i+1)ghe
the setof (strictly increasing) time-point sequencesGivenan A/D map : X
Y and a discrete behaviour B YN, de ne:

C(; B) == fx:Ry! X j(9y2B)9 2TP)8i2N)
if y(i)6 zthen (8t2[ (i); (i+ 1)) x(t) 2 Ayg)
andif y(i)6 zandalsoy(i+ 1)=z
then (8t2[ (i);1)) x(t)2 Ay ¢

(10)

Given a continuous behaviour C X Ro |, we say that the pair (; B) capturesC,
if C;B) C

The idea is that the corntinuous behaviour C(; B) includes all and only
the trajectories x: Ry ! X that respect the sequenceorder of somey 2 B
consideredas a sequenceof regionson X via . Toillustrate how an A/D map
and a discrete behaviour together capture a cortin uous behaviour, we cortinue
with our examples.

Ad Example 1: notions of stabilit y. The requirement expressedby Ccony
dependson the actual topology on X referredto in the expressionlim;;  x(t) =
x?. Generalisingthe notion of a limit to cover arbitrary topological spaces(e.g.
Moore-Smith convergene, [8], x20.1X), the condition is ful lled if for any open
set V containing x?, there existsa  sud that x(t) 2 V for all t > . In the
caseof the Euclidean topology on X, this cannot be captured by any pair (; B)
where the signal spaceY is nite. However, we can look more broadly at other
topologieson X . Fix an A/ID map : X Y and considerthe nite topology
T 2% generatedby taking all nite unions and intersectionsof the -cellsA,
for y 2 Y. For the most basic casewhere de nes a nite partition, the open
setsin the topology T are just the cells closedunder unions. Let Ay- be the
cell such that x? 2 Ay-, and let:

Beony = Ty 2 YN[ (912 N)y(i)=y" "~ (8 >i) y(i)=29 (11)



Then (; B .yny) captures Ceony. For the more general casewhere is a nite
cover with overlaps, we can also capture Ceony, but have to replace with a
renement sudchthat T = T , wherethe cellsof are the join-irr educiblesin
T asa lattice of sets(seealso [12]). For the equilibrium speci cation Cequi, it
is alsoclear that it cannot be captured via any nite range A/D map. However,
what can be captured is a weaker version of Ceq,i already relativised to by
replacing true equality = with * in Equation (7).

Ad Example 2: circular motion. Consider an A/D map basedon the
four quadrants of R?, similar to [16]. More precisely let A; = f(X1;X2)j X1 >
0; x2 0g, Az = f(x1;x2)j X1 0; x2 > 0g, Az = f(x1;X2)j X2 < 0; x2  0g,
Az = f(X1;X2)j X2 0; x» < Og, and, in order to partition the ertire R?, let
Ao = f(0;0)g. Denote the corresponding single-valued A/ID mapby :Y ! R?,
whereY = f0; 1; 2; 3;4g. Let

B = (1432) [ (4321) [ (3214) [ (2143) (12)
Then (; B.) captures Cgr .

Ad Example 3: static safety. Cogsiderany AD map :X Y sud that
for someYgay Y, wehave Bad y2Ysa Ay- Then de ne:

Bsafe = fy:N! Y J (8i2 N) Y(i)gYBadg (13)

Then (; B y.) captures Csate.

To resumeour study of the notion of capturing, x an A/D-map : X
Y and a discrete behaviour B YN, It is clear that the set of all dynamic
speci cations C that are captured by the pair (; B) forms a complete lattice,
with the usual set-theoretic operations. Moreover, (; B) capturesCy\ G, i
(; B) capturesC; and (; B) captures C,.

Also obsene directly from De nition 6 that the operator C(; ) distributes
overgrbnrary urgons in the secondargumert; i.e.if B; YN fori 2 I, then:
C; 2, Bi)= 3 &, Bj). Consequetiy, for a xed A/D-map and a xed
behaviour C X Ro | the set of all discrete behaviours B YN such that the
pair (; B) captures C forms a complete upper semi-lattice w.r.t. the usual set-
theoretic operations. In particular, there uniquely exists a largest or least re-
strictive discrete behaviour B YN sudh that (; B) capturesC.

Someimmediate consequencesf the obsened lattice structure are summa-
rized as follows:

Prop osition 2. For any AID map : X Y and continuous behaviour C
Ro | de ne: [
B(;O:= fB Y"jQ;B) Cg (14)

Then, for all B® YN, wehave: C(; B9 C ifandonlyif B° B(; C).
Furthermore, the following inclusions hold for all C and B :

C(; B(; C) C; B B(; C(; B)): (15)



7 Rening A/D maps

If the supervisory cortroller synthesisfails for a givenA/D map onemay consider
a ner A/D-map.

De nition 7. Let : X Y and : X Z betwo A/D maps,with cover cells

Ay= Yy) Xfory2YandB,= z) X forz2Z. Wesay isa
renement of ,written b , if for eachy 2 Y, thereexistsz;;z;;:::;zm 2 Z
suchthat

Ay = Bz, [ By, [ [ Bz, (16)

and for eachz 2 Z, there existsy 2 Y such that
B, Ay a7)

When b , dene a set-valual map 0 Y Zby: z2 (y) i
B, Ay ory=z=1z ThenAy= fB;jz2 (y)gforally2Y.

Prop osition 3. Fix a continuous behaviour C X Ro, an A/D map X

Y, and a discrete behaviour B YN suchthat (; B) capturesC. Let DS :=
f *:N! Nj (0)=0" (8 2N) (i) < (i+ 1) g be the setof strictly
increasing discrete-time stretch maps Now for any A/ID map : X Z such
that b , dene:

B (:B):=fz22zNj (9y 2B)9 2DS)8j 2 N)

Zjp gy gay (0 (YA 9: (18)

Then ( ;B (; B)) capturesC.

In de ning the candidate B (; B) ZN, we collect all in nite sequences
that can be decomposedin a sequenceof nite words zj; (i), ¢i+1) Sud that:
(a) eath nite word correspondsto a singlecover cell y(i) of ; andthat (b) this
labelling generatesan in nite sequencey which lies inside the original discrete
speci cation B YN,

Proof. Toshow ( ;B (; B)) capturesC, x an arbitrary x 2 C( ;B (; B))).
Then there existsasequence 2 B (; B)anda 2 TP suchthat foralli 2 N, if
z(i) 6 zthenx(t) 2 B,y forallt 2 [ (i); (i+1)), andif z(i) 6 zbut z(i+1)= z
then x(t) 2 B,y forallt 2 [ (i); 1 ). Now by Equation (18),z2 B (; B) means
there is a witnessy 2 B and a function 2 DS sud that zj; (). (j+1)
( (y@G)) forallj 2 N.And from the de nition of , weknow that B,

anew function ~: N!' Rj by ~(j) := ( (j)). Since and are both strictly
increasing, then sois #, and also~(0) = ( (0)) = (0) = 0. Hence”™ 2 TP.
We want to show that x 2 C(; B) with witnessesy 2 B and * 2 TP; then
since(; B) capturesC, wewould have x 2 C, asrequired. Sonow x anyj 2 N
and supposethat y(j) 6 z. Then z(k) 6 zforall k 2 [ (j); (j + 1)). Fix any
27} 0+1))=1C30); ( (+1). Thenforsomek 2 [ (j); (j+1)), we



must have x(t) 2 B,(), and thus alsox(t) 2 Ay ;). For the other case,suppose
that y(j) 6 zbut y(j + 1) = z Then z(k) 6 zand z( (j + 1)) = z. Fix any
t2[*G)1)=1C(C(@():1) Then we must have x(t) 2 B, (j), and hence
X(t) 2 Ay(j), asrequired. Sincex was arbitrary , we concludethat ( ;B (; B))
captures C.

8 Applying DES and discrete behavioural approac hes to
controller synthesis

In tackling the generalsynthesis problem formulated in Section 5, we can build
on previouswork in [7,16,5], rst starting by seekingto nd an A/D map and
a discrete dynamic speci cation B g, sudh that (; B g,ec) captures Cspec. The
synthesisproblem canthen berestated purely in terms of the discretebehaviours,
Bsp. andBg,: nd anadmissiblediscrete supervisor with induced behaviour
B sup sudh that the discrete-time closed-lmp behaviour B = Bsp. \ Bgyp lies
within B g,... The admissibility requiremert for B gy is that it have a transition
systemrealisation in 1 =S= cortroller form. Up to minor notational variations,
this restated control problem has been extensively studied in [10,11,13]. We
provide a terse summary of the main results, in order to show how the broader
scope of this contribution relatesto the literature.

Fix a switched plant SP = (U;X;F) and an A/D map : X Y, sothe
induced external behaviour B gp. (U Y)N. LetB spec be a discrete dynamic
speci cation. We refer to the pair (Bsp. ; B gyec) asa discrete-time sugervisory
control problem and ask for an admissible supervisor that enforcesB g, When
interconnectedwith B sp. . We give a formal de nition of this problem and its
solutions.

Denition 8. LetBg,p (U Y)N
Bswp WHN to said to be genericallyimplementable if for all k 2 N,
(U;Y)ipk] 2 Bsuwipok]s (B ¥)ipk) 2 WK™, Hijox) = Uik, Yok = Yipk)
implies (&; ¥)jjoi] 2 B supljox]-
The two behavioursBsp. and By, WM are said to be nonconicting  if
Bsp. k] \ Bsupipok] = (Bsp. \ Bsup)ipk for all k 2 N.
The behaviourB gp is saidto enforcethe discrete dynamic speci ¢ ation B g,
YNif (u;y) 2 Bsp. \ By impliesy 2 B spec:
The behaviour B g solvesthe control problem(B sp. ; B g,ec) if it satis es each
of thesethree conditions. !

Note that formally, the trivial behaviour B g = ? solves(Bsp. ; Bspec),
leading to an empty closed-laop behaviour; obviously, this is undesirable.In re-
sponse,we ask for the prospective supervisor to be asleastrestrictiveaspossible.

! The notion here of generic implementability corresponds to implementability w.r.t.
a particular plant asde ned in [10], and it can beenseenthat the alternativ e formu-
lation leadsto precisely the sameclosed-lcop behaviours. The speci cation  spec in
the notation of [10,11]is related to the  gpec @bove by  spec = F(U;Y)j Y 2 gpecO



This line of thought is similar to that of DES supervisory cortrol theory [14,15].
In fact, [10,11] show that a key result of [14,15] naturally carriesover to the hy-
brid case:a least restrictive supervisor B, that solves(Bsp. ; B gpec) always
exists uniquely.

Prop osition 4. The behaviour
. [ :
Bap = fBsp (U Y)VjBsy solves(Bsp. ; Bgpec)d (19)

is a itself a solution of (Bsp. ; B gyec). We denote the closel-loop behaviour of
Bsp. under least restrictive supervisory control by B , := Bsp. \ B sup-

In particular, there exists a solution to (Bsp. ; Bgye) With non-empty

closed-lap behaviour if and only if B, 6 ?.

Unfortunately, very stringent conditions apply to the underlying cortin uous
dynamics whenthe synthesisis to be carried out directly, basedon B sp. , or,
for that matter, on Sgp. and . Prospective candidateshere are casesn which

is linear in both state and time; i.e. straight line ewolution, and a polyhedral
partition. On the other hand, if both Bsp, and B gpec Were realized by nite
automata, the least restrictiv e supervisor could readily be computed drawing
from slightly modi ed methods from DES theory; e.g. [14,15,11]. These pro-
cedurestypically compute a nite automaton realisation of the least restrictiv e
closed-lop B C, The latter automaton can also be employed as a supervisor; we
give detailed accourt to this interpretation in [11] from a technical application
perspective. A formal conversionto a nite state transition systemQ in I/S/-
cortroller form is straight-forward.

However, while in our framework we may assumeB .. to be realisedas a
nite automaton, this assumptionin generalwill not hold up for B sp. . Conse-
quertly, [7,6,10,13] suggestto approximately realize B sp. by a suitable nite
automata and then to carry out the synthesis for the problem (B ca; B gpec),
whereB. (U Y)N denotesthe external behaviour induced by the approx-
imate automata realisation. In this approximation-based approac, two main
issuespresent themseles. First, the approximation needsto be su cien tly ac-
curate in order to allow for a successfulcortroller synthesis; we come badk to
this issuebelow. Second,assumingthat a supervisor could be synthesisedfor the
approximation, one needsto guarantee that desired closed-lmp properties are
retained when the supervisor is connectedto the actual hybrid plant. The sec-
ond issueis commonly dealt with by requiring that the approximation must be
consenative in the sensethat it predicts at least all those tra jectories on which
the actual hybrid plant can ewolve. Within our framework this requiremert can
be stated as the behavioural inclusion B gp. B ca and, indeed, this forms a
su cien t condition for resolving the secondissue:

Prop osition 5. Assumethat B specs Bea and Bg,p can all be realised by nite
automata. Supmse B s, Solvesthe problem (B ca; B Spec) and supmseB sp,

B ca. Then B g is alsoa solution of (Bsp. ; B Spec). Furthermore, B ca\ B syp =
? ifandonly if Bsp. \ Bgyp = ?.



Recall that on the approximation level, the least restrictiv e closed-lcop be-
haviour { and hencea realisation Q in I/S/- cortroller form { can be computed
by methods from DES theory. If Bs,, = Q is found to enforce a nontrivial
closed-lop behaviour By \ Bsyp 8 ?, then by the result above, this realises
a solution of our discrete-time supervisory cortrol problem (B sp. ; B gpec). We
can conclude from Bo B, that the hybrid closedloop consisting of SP,

and Q ful lls the continuous dynamic speci cation Cgpec in the senseof Eq.
(5), and thus the original cortrol problem given by SP and Cspec has also been
solved.

If Bsup = Q enforcesthe trivial closed-lop behaviour Bca\ Bsyp = ?,
we distinguish two subcases.First, there may exist no solution for the original
problem, in which casewe can't complain about failure in nding one.Secondi,it
could be that the chosenA/D map wastoo coarseand therefore givesa prospec-
tiv e supervisor too little measuremen information for it to be able to drive the
systemaccordingto the cortin uous dynamic speci cation. In the latter case,we
want to have another attempt with arened A/D map , with b . Various
methods of A/D map re nement have beendiscussedin the literature, mostly
basedon a badckward reachability analysis, and the readeris kindly referred to
[7,16,5,4]. As worked out in Section6, discrete dynamic represerations of spec-
i cations depend onthe A/D map. More precisely whenmoving from onto
we alsoreplaceB g, by B (; B gyec), @asin Eq. 18.1In particular, the re nement
procedure suggestedin [7] for partitions lendsitself to the proposedsetting.

9 Discussion and conclusion

The framework deweloped here has two main advantages from the perspective
of controller synthesis. First, after a cover re nement, we still refer to the same
continuous dynamic speci cation Cgpec, the latter serving as a formal platform

to expressthe relation betweenthe two control problems stated for and ,
respectively. Thus we make clear that if it is a cover re nement that nally leads
to the successfulsynthesis of a supervisor, then it is in fact the original cortrol

objective that we ful | with our closed-lcop design. Second,for any xed A/D

map , our restated control problem still refersto the \full" hybrid dynamics:
although Bgsp., is de ned on a discrete-time axis, it refers to the transition

systemSgp. over the full hybrid state space,and contin uous evolution is recov-
ered by Eq. 1, Section 3. Contrast this with [7], where oncethe A/D partition

is xed, the treatment of the restated control problem exclusively refersto the
so-called DES Plant, which is realized as a nite automaton and can be seen
to be a rather coarseabstraction. In fact, [13,10,11] suggestan ordered family
of I-complete approximations B, | 2 N, where B sp. B+ B, and the
DES Plant accordingto [7] correspondsto the coarsestcasel = 0. On the other
hand, [13,10,11] do not discussthe potential gain of accuracy that lies in the
re nement of the A/ID map. Our current contribution is seento strategically
combine the strengths of both views: the A/ID map re nement suggestedby [7,



16] aswell asthe option to increaseaccuracyfor a xed A/D map suggestedby
[13,10,11].
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