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ABSTRACT
In an envelope constrained filtering problem with uncertain input A
(ECUI), we require the response of the filter to each signal in the Input Output =" (1)
input mask to lie within a prescribed output mask. The objective is = Filter p———t> >
to design the filter so as to minimize the noise enhancement whilst () v(?) N 4
satisfying these constraints. The continuous-time ECUI problem
was previously solved using filter structures which in practice were (5
not physically realisable. This paper presents a new sub-optimal >,-—----.\ NV
method which allows the use of more realistic filters, and which =~y
can converge to the optimal result provided a certain parameter is
made small.
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1. INTRODUCTION Fig. 1. EC filter

In signal processing the design of many filters can often be cast

as a constrained optimization problem where the constraints 2filter structures which are physically realisable. Numerical simu-

defined by the specifications of the filter. These specifications can iions are given for both an analog filter, and a.hybrid filter which

arise either from practical considerations or from the standards setConsists of both diaital and analoa com ‘onents

by certain regulatory bodies. For example, in telecommunication 9 9 P )

systems, pulse shapes used in transmission systems [7] are speci-

fied using templates by recommendations issued by standards bod- 2. PROBLEM STATEMENT

ies (see e.g. [1] and [2]). ] ] ) o
The continuous-time envelope-constrained (EC) filtering prob- This section presents_a general formulation of the ECUI fllte_rlng

lem considers the design of a filter such that the noiseless respons@roblem. The reader is referred to [10], [11] and [12] for deriva-

1) to a specified excitatios fits into an envelope described by tions and further details. _

ands~, as shown in Figure 1. The EC with uncertain input (ECUI) Herex denotes the input; denotes the impulse response of

filtering problem addresses the robustness to input disturbances byhe filter,d=0.5(c* +¢ ) denotes the desired outpet=0.5(c* —

allowing for uncertainty in the input pulse. Here the input is not € ) denotes allowable deviation from the desired output=

specified exactly, but is known to lie within an input envelope de- 0-5(s™ + s~) denotes the nominal input aid= 0.5(s" — s™)

scribed by upper and lower boundaries ands~. The filter is denotes the uncertainty on the nominal input. The general ECUI

required to fit the response of all excitations within the boundaries filtering problem can be stated as the following optimization prob-

sT ands™ into the output mask. lem on a Hilbert space:

The discrete-time ECUI problem was first addressed for FIR infu) = (u,Lu) 1)
filters in [3]. In [10], the continuous-time ECUI problem was vegt\w o= A L,
formulated as a quadratic program with non-differentiable con- subjecttoZ, Uu —d| =< &, Va: |z — s|<6 )

straints. This problem was then solved by transforming it into

a positive definite QP problem with affine (hence differentiable) whereL : H — H, ¥ : H — Y andZ, : Y — C are linear

constraints. For finite-dimensional filters, this transformation re- operators H is the Hilbert space of filter impulse responsgsis

quires their impulse responses to possess very restrictive propertiesome vector space aridis the space of filter outputs. The partial

that are not physically realisable with analog or hybrid components ordering=< on C'is defined for alke, y € C by: x<y if and only if

[11]. z(t)<y(t) for all t € Q. d ande are assumed to be bounded, and
In this paper, we present a new method for solving the ECUI 6 ands are finite energy signals wit#-0.

problem by approximating the non-differentiable constraints with In this paper we consider 2 types of filters: 1) analog filters

differentiable ones. It can be shown that if a solution satisfies theseand 2) hybrid filters, which comprise both digital and analog com-

differentiable constraints, then it will also satisfy the original non- ponents as shown in Figure 2. The ECUI problems for analog and

differentiable constraints. The advantage of this approach is thathybrid filters are both special cases of problem (1-2).

the approximation assumes no specific property on the filter im- For analog filters,H = L2(R+), the space of square inte-

pulse reponse, thus allowing solutions to the ECUI problem for grable functions o/R;+ = [0, c0), with inner product(z,y) =
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Fig. 2. Block diagram of hybrid filter

Jz@)y@)dt,Y = H andC = Lo (R4) is the Banach space of
essentially bounded functions.
L:L,(R+)—L2(Ry) is a non-negative self-adjoint linear opera-

tor defined by
~ [ Rt

with R,,,, being the autocorrelation of an additive, zero-mean and
stationary input noise process,is the identity operator arfl,, is
the convolution operator, i.e.

w(\)dA

(Ezu)(t) = (zxu)(t) = /x(t — A)u(A)dA

For hybrid filters,H = I», the space of square summable se-
quences, with inner produgt, y) = >-2, z(i)y(i), Y = C =
Lo (R4). LetTs denote the sampling period of the A/D converter

3.1. Constraint Transformation

We would like to have an equivalent but more explicit expression
which does not contain the perturbed inpytbut involves only
d, €, s, 8 and the filter's impulse response In [10], it has been
shown that the general ECUI filtering problem is equivalent to:

min f(u) =
subject to|=; Vu — d| + E¢|Pu|=<e

(u, Luy),

The feasible region can thus be written as

F ={u€H : |2,Vu — d| + Zg|Vu|=e}

3.2. Approximation By A Smooth Problem

The transformed problem as stated is generally a non-smooth op-
timization problem because the constraint function

G(u) = |2:Vu — d| + Zg|Pu| — e
is not everywhere differentiable with respect to the variabl&he
first absolute value operator (& does not pose any problem since
it is straight forward to show that

- - EsWu + Eg|Vul — et =0

85 W = d| + = Vu| —ex0¢ { —E,Wu 4 Zg|Tu| + <0

The major difficulty is caused by the terBy|¥u/|. In this paper,

we will present a method to modify the constraints by replacing
the absolute value operator with another operator that closely ap-
proximates it, but which is differentiable everywhere. The idea
is to replace the absolute value function with a quadratic, in the

andA denote the response of the post-filter to a rectangular pulseneighbourhood of points where the function is non-differentiable,

of lengthTs. Then, the positive semi-definite linear operafois
defined by
Z u Fl m
m=1
where
iem = T ]_Z_wkz_ Rnn .7 - k' )

[ A= (= ot )TSALE - KTSJde

0

¥ and=, are defined by

A(t — jTs)u(j),

v(t — kTs)

(Be0)(t) Ja(kTs)

“‘Mg J.LMg

3. PROBLEM TRANSFORMATION

The problem statement in section Il is not useful for computational
purposes since to determine the feasibility of a filter, one would

ie. at zero. We can define such a functjon|a : R — R, where
A > 0, as follows:
wa {17 e > A
wrt+ 5 Lzl <A

This function is differentiable everywhere. The ‘smoothed’ ECUI
filtering problem can thus be stated as:

min f(u) =

subject to =, Yu — d| + E¢|Pula=e

(u, Luy),

Let u® anduX be the optimal solutions to the non-smooth and
smooth ECUI problems respectively. Intuitively, Asapproaches
zero, we have a progressively better approximation to the absolute
value function and henegx can approximate® to any degree of
accuracy. Formally it can be shown thg also satisfies the non-
smooth constraints. Furthermore, As— 0, f(u}) — f(u°)
andlima o ||u® — uX|| = 0.

4. FINITE DIMENSIONAL APPROXIMATION

The optimum ECUI filter in an infinite dimensional Hilbert space
H is only of theoretical interest since it is unlikely that these fil-
ters can be realised with finite circuitry without violating the con-
straints. It would seem more appropriate to choose a particular

need to compute its response to every signal in the input mask.finite-dimensional filter structure and then impose the constraints.
There does not seem to be any standard numerical techniques follhis section addresses the issue of finite dimensional approxima-
handling problems with constraints of this form. tion.



Let the finite-structured filters have impulse responses given
byu = Ka = Z;:Ol a;v;, Where{v; }52, is a total sequence in

H andK : R"—H is a bounded linear operator. The feasible 0251 1
region FN[{v;}7='] ( [{vi}i=,] denotes the span dfv; };—

is thus embedded in am-dimensional subspace &f and can be 02

characterized by the set of feasible filter coefficiefts = {a €

R" : Ka€F}. The cost functional can be expressed in terms of 015
the vector of filter coefficienta, as follows

filter inputs

foK(a) = (Ka,LKa) =a"K'LKa o1
where KT is the adjoint operator of(. The operatotk ' LK :
R"—R" can be represented by the followingn matrix (often
called a Gram matrix)

<’U()7 L’U0> <'Uo, Lvl> . <U0, Lvn,1>
(v1, Lvo) (v1, Lv1) ...  (v1,Lon_1) 005, - - - . - . - .
. . . time(B)
<’U'nflaLU0> <'Un717L’Ul> o <'Un717Lvn71>

By increasing the number of elements used from any total se- Fig. 3. Laguerre filter example - inputs

guence inH, it can be shown that the solution will converge to the

optimal solution (see [10]), hence we can approximate the optimal

solution to any degree of accuracy, whilst each approximant still wherep > 0 and k is a non-negative integer. The sequence
satisfies the constraints. With an appropriate choice of basis these{v}, } 7=, forms an orthonormal basis faiz(R.+), and is also
sub-optimal solutions correspond to finite-structured filters which known as the Laguerre basis. Filter impulse responses of the form

can be readily realised. The finite dimensional ECUI problem can Y, a;v? can be readily realised with passive analog circuitry.
be stated as This example concerns the equalization of a digital transmis-
) sion channel consisting of a coaxial cable operating at the DSX3
min a’ K'LKa -
acR™ ’ rate (45Mb/s) ([1] , [2]). The coaxial cable has a 20dB attenua-

tion at a normalized frequency @fr/3, where the baud interval
B = 22.35 x 107°(s). The input noise is assumed to be white. An
By replacing| e | with | e | We obtain the following smoothed  equalizing filter is required to shape all signals within a 2% toler-

subject to|=s ¥ Ka — d| + 9|V Ka|<e

approximation ance of the cable’s impulse response so that they fit in the envelope
given by the DSX3 pulse template (see Figure 4).
min e’ K'LKa ; ;
acR" ’ We usep = 12, k = 8 andA = 0.01. The effective duration

of the input is taken to be0s. For computational purposes, the

continuum of constraints is discretized at 100 constraints per Baud

interval. This results in a constrained optimization problem with
5. EXAMPLES a finite number of inequality constraints, which can be solved us-

i ) i ing MATLAB. Figure 3 shows some signals which were randomly
This section presents numerical results for 1) an analog Lague”eperturbed about the nominal input but lie within the input mask.
filter (see [6], [8] ), and 2) a hybrid filter which uses an FIR filter  gjq,re 4 shows the filter's response to these signals. We can see
as the digital processor (see [11]). that the responses all stay within the output mask. The value of the
cost function is 75.92.

subjectto=sVKa — d| + E¢g| ¥ Ka|a=e

5.1. Example using Laguerre functions

In most practical analog realisationsjs the identity operatorand 52 Example using an FIR digital processor

K is specified by a finite subset of a complete set of orthonor-

mal v;'s. In this case it is easily seen that the Gram matrix is the For hybrid filters, leff KT LK]; » denote thej, k)th entry of the
identity matrix. Suppose the input noigeds also white, i.e. the  matrix KT LK. Then

auto-correlationR,,, (1) = Nod(T), whered is a unit impulse.

JT\PT\Zﬁge output noise power, or cost functional, is proportional to K'LK];, = TO Z Z v; (e (m)
0 2- ~ o
The Laguerre polynomialsy (t) are defined (see [4]) for each liﬂ“ et
integerk > 0 as X / A(C = ITs)A(C — mTs)dC
(k)
Li(t) = Z E_il 4 If the digital processor is an FIR filter, the linear operaforbe-
=0

comes the identity operator and
The basis functions used here are given by

N
KILKl.. =T , =
vl (t) = /2pe P Ly (2pt) [K'LK]jk = Tjs

7 A- G- nrad




6. CONCLUSIONS

1 The envelope constrained filtering problem with uncertain input
for analog and hybrid filters can be formulated as a non-smooth
semi-infinite programming problem. The non-differentiable con-
straints presents a barrier for applying gradient based approaches
for solving this problem. In this paper, we have proposed a smooth
approximation to the non-differentiable constraints. This enables
the envelope constrained filtering problem with uncertain input to
be solved for realisable filter structures. This technique has been
sucessfully applied to the design of analog and hybrid filters in a

1 communication channel equalization application.

filter output
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purposes, the continuum of constraints is discretized at 100 con-

straints per Baud interval. The post-filter is a 5th order Butterworth

low-pass filter with cut-off frequency equal to half the sampling

frequency. Figure 5 shows the filter's response to perturbed input

signals, and we can see that all the responses fit inside the mask.

The value of the cost function is 18.04.

The impulse responseis given by



