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ABSTRACT

Uniform DFT filter banks are well studied but they are not
always suitable for applications with non-uniform time fre-
quency representations such as speech and image process-
ing. Using an allpass tranformation, non-uniform spacings
between frequency subbands can be obtained. However,
this introduces additional aliasing due to non-linear phase
distortions. This paper considers the design of non-uniform
DFT filter banks with specified group delay by minimis-
ing aliasing whilst constraining magnitude and phase dis-
tortions to a prescribed tolerance.

1. INTRODUCTION

In multirate signal processing, the signal of interest is of-
ten decomposed into frequency subbands which can be pro-
cessed in parallel at a lower sampling rate [6]. This pro-
vides a significant reduction in computational complexity
[6] and ease of implementation [1]. Uniform filter banks
(i.e. where the subbands are evenly spaced) have been well
studied [6]. However, in many applications a non-uniform
time frequency representation is more appropriate, for ex-
ample, in the psychoacoustic model of human hearing, the
cochlear decomposes speech signals into non-uniform sub-
bands [9]. Consequently, non-uniform filter banks provide
a natural means for processing such signals.

One of the main problem in filter bank design is the
aliasing of the subbands due to non-perfect frequency selec-
tivity of the subband filters. This problem is further com-
pounded in non-uniform filter banks due to the non-linear
phase characteristics of the filters obtained from the allpass
transformation [8]. In [3], the sum of the aliasing and dis-
tortion was minimised. This formulation does not allow the
designer to control neither the distortion nor the aliasing.
Although weighting these two criteria provides some con-
trol on the solution, it is not clear how the weights should
be selected. Moreover, there is no guarantee that any speci-
fied bounds on the aliasing or distortion are met.

This paper proposes a method for designing the analy-
sis and synthesis filters of non-uniform DFT filter banks to
meet specifications on the prototype response whilst achiev-
ing near perfect reconstruction. The resulting problem is a
Quadratically Constrained Quadratic Program (QCQP) which
can be efficiently solved by standard Semi-Definite Program-
ming (SDP) techniques [7].

2. BACKGROUND

A non-uniform DFT filter bank can be obtained by replacing
the delay elements in the uniform DFT filter bank with an
allpass function Q(z) [4]. The resulting non-uniform filter
bank in polyphase form is shown in figure 1. The phase
characteristics of Q(z) determine the non-uniform spacing
between the subbands.
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Fig. 1. Polyphase form of DFT filter banks

In the analysis filter bank of figure 1,

Xm(z) =
1

D

D−1
∑

d=0

X(z
1

D W d
D)hT φm,d(z) (1)

where

WM = e−j2π/M ,

h = [h0, ..., hM−1]
T ,

φm,d(z) = [φ0

m,d(z), ..., φM−1

m,d (z)]T , and

φl
m,d(z) = (W−m

M Q(z
1

D W d
D))l.



Note that the transfer function for the mth analysis filter is
Hm(z) = hT φm,0(z

D).
A representative measure of the mean aliasing in the

analysis bank is the inband aliasing

β(h) =

D−1
∑

d=0,d6=D/2

∫ π

−π

|hT φM/2,d(e
jω)|2dω. (2)

The subband m = M/2 has the lowest signal to aliasing ra-
tio and the aliasing term d = D/2 is omitted as it contains
the desired signal content for this subband [3]. The perfor-
mance criteria for the analysis filter banks are the inband
aliasing (2) and the analysis distortion

α(h) =

∫ π

−π

|hT φ0,0(e
jωD) − H̃(ejω)|2dω (3)

i.e. the deviation of the prototype filter H0 from its desired
response H̃ , where H̃ is a lowpass filter with cutoff fre-
quency ωp and group delay τh:

H̃(ejω) = e−jωτh

{

1, ω ∈ [−ωp, ωp]
0, ω ∈ otherwise

Ideally, we want both the inband aliasing β(h) and the
analysis distortion α(h) to be zero. However, this is not
the case in practice and the design objective is to keep β(h)
and α(h) down to some acceptable level. In [3], the authors
minimised the sum of β(h) and α(h). The advantage of
this approach lies in its simplicity, however, it is not possi-
ble to control the inband aliasing and the analysis distortion
individually. Minimising a weighted sum of the two com-
ponents can provide some control, but it is not clear how the
weights should be chosen. A more sensible approach, pre-
sented in Section 3, is to minimise β(h) and constrain α(h)
to a prescribed tolerance.

For the synthesis filter bank, consider the reconstructed
signal

X̂(z) =

M−1
∑

m=0

Ym(zD)gT ϕm(z) (4)

where

g = [g0,...,gM−1]
T ,

ϕm(z) = [ϕ0

m(z), ..., ϕM−1

m (z)]T , and
ϕl

m(z) = (W m
M Q(z)−1)lQ(z)M−1.

Note that the transfer function mth of the synthesis filter is
Gm(z) = gT ϕm(z). The reconstruction accuracy of the
filter bank can be evaluated by measuring the distortion to
a known input X when there is no subband processing, i.e.
Xm = Ym. In this case,

X̂(z) =

M−1
∑

m=0

D−1
∑

d=0

X(zW d
D)hT Φm,d(z)g (5)

where Φm,d(z) = 1

D φm,d(z
D)ϕT

m(z). The overall response
T of the filter bank is defined as [3], i.e.

T (z) = hT Ψ(z)g (6)

where Ψ(z) =
∑M−1

m=0

∑D−1

d=0
Φm,d(z).

In the design of the synthesis filters, we consider the
overall performance of the filter bank for fixed analysis filter
coefficients h. Analogous to the analysis filter bank, the
performance criteria are the residual aliasing

δ(g) =

M−1
∑

m=0

D−1
∑

d=1

∫ π

−π

|hT Φm,d(e
jω)g|

2
dω, (7)

and the overall distortion

γ(g) =

∫ π

−π

|hT Ψ(ejω)g − T̃ (ejω)|2dω (8)

where T̃ is the desired overall response taken here to be a
unit gain with constant group delay τp:

T̃ (ejω) = e−jωτT , ω ∈ [−π, π]

Ideally, both the residual aliasing δ(g) and the overall
distortion γ(g) should be zero. The design objective is to
keep δ(g) and γ(g) low. Again, similar to the design of
the analysis filters, minimising the sum of δ(g) and γ(g) as
in [3] is not satisfactory. A more practical approach is to
minimise δ(g) and constrain γ(g) to a specified level.

3. PROBLEM FORMULATION AND SOLUTION

This section formulates the design of the analysis and syn-
thesis filters according to the criteria discussed in Section
2.

For the design of the analysis filter bank, we seek the
vector h which minimises the inband aliasing (2) while keep-
ing the analysis distortion (3) below a prescribed value. This
problem is a Quadratically Constrained Quadratic Program
(QCQP):

min β(h) = hT A0h (9)
s.t. α(h) = hT A1h − hT c1 + ||H̃ ||2 ≤ Kh (10)

where

A0 =
D−1
∑

d=0,d6=D/2

∫ π

−π

φM/2,d(e
jω)φH

M/2,d(ejω)dω

A1 =

∫ π

−π

φ0,0(e
jωD)φH

0,0(e
jωD)dω (11)

c1 = 2

∫ π

−π

Re{H̃∗(ejω)φ0,0(e
jωD)}dω (12)

||H̃ ||2 =

∫ π

−π

|H̃(ejω)|2dω



Note that α is convex and hence, if A0 is positive def-
inite the solution to problem (9-10) is unique if one exists.
For A0 positive semidefinite, there exist non-trivial filter co-
efficients which achieve zero inband aliasing. Assuming A1

positive definite, h =0.5A−1

1
c1 achieves the minimum al-

lowable analysis distortion of ||H̃ ||2 − 0.25cT
1
A−1

1
c1 and

thus any Kh below this value would render problem (9-10)
infeasible.

Similarly, for a given analysis filter bank parameterised
by h, the design of the synthesis filters seeks a vector g

which minimises the residual aliasing (7) while keeping the
overall distortion (8) within a prescribed bound. The result-
ing problem is the QCQP:

min δ(g) = gT B0g (13)
s.t. γ(g) = gT B1g − gT d1 + ||T̃ ||2 ≤ Kg (14)

where

B0 =

M−1
∑

m=0

D−1
∑

d=1

∫ π

−π

ΦH
m,d(e

jω)h∗hT Φm,d(e
jω)dω

B1 =

∫ π

−π

ΨH (ejω)h∗hT Ψ(ejω)dω

d1 = 2

∫ π

−π

Re{T̃ (ejω)ΨT (ejω)h}dω

||T̃ ||2 =

∫ π

−π

|T̃ (ejω)|2dω

Again, assuming B0 positive definite, the solution to prob-
lem (13-14) is unique if one exists. If B1 is positive definite,
any Kg below the minimum achievable overall distortion,
||T̃ ||2 − 0.25dT

1
B−1

1
dT

1
, means that problem (13-14) is in-

feasible.

The roles of the costs and constraints can be reversed for
applications where the specifications are given in terms of
the aliasing rather than the distortion.

QCQP’s can be expressed as equivalent semi-definite
programs (SDP) for which solutions can be efficiently com-
puted [5], [7]. For a more comprehensive survey of SDP’s,
the reader is referred to [7] and references therein. The anal-
ysis filter design problem (9-10) can be written as the SDP:

min t

s.t.

[

I A
1/2

0
h

(A
1/2

0
h)T t

]

≥ 0

[

I A
1/2

1
h

(A
1/2

1
h)

T
cT
1
h− (||H̃ ||2 − Kh)

]

≥ 0

and the synthesis filter design problem (13-14) as:

min t

s.t.

[

I B
1/2

0
g

(B
1/2

0
g)

T
t

]

≥ 0

[

I B
1/2

1
g

(B
1/2

1
g)T

dT
1
g − (||T̃ ||2 − Kg)

]

≥ 0

The contribution to the analysis distortion (3) outside of
the interval [−ωp, ωp] is effectively an aliasing component
which has already been accounted for in the definition of β
(2). Hence, (11) and (12) can be taken as

A1 =

∫ ωp

−ωp

φ0,0(e
jωD)φH

0,0(e
jωD)dω

c1 = 2

∫ ωp

−ωp

Re{ejωτhφ0,0(e
jωD)}dω

without adversely affecting the solution.

4. DESIGN EXAMPLE

Consider a non-uniform filter bank with M = 16 channels
and non-critical decimation D = 2. For the allpass transfor-
mation, the first order Laguerre allpass filter with a unifor-
mity coefficient of µ = 0.4 is used. Remark: if µ = 0, this
reduces to the uniform DFT case. The desired analysis filter
has a gain of 1 in the passband [−ωp, ωp] with ωp = π/M
and group delay τh = (M − 1)/2 . The desired overall
response has again of 1 and group delay τT = M .

A design based on [3], i.e. minimising the sum of the
aliasing and distortion, yields an analysis distortion of α =
8.46 × 10−3 and an overall distortion of γ = 5.94 × 10−1

which is unacceptable for speech applications. We need to
push both the analysis distortion and the overall distortion
further down. Suppose that we want the analysis and over-
all distortion to be less than Kh = 5.1 and Kg = 9.7 re-
spectively. Since we know the bound for a feasible solution
we can set the constraint larger than that and trade off the
inband and residual aliasing respectively. The design task
is to determine the analysis and synthesis filter with mini-
mal aliasing while satisfying these requirements. This can
be achieved using the proposed QCQP approach. Solutions
to the relevant SDP’s are computed numerically using the
software package [5]. The minimum inband and residual
aliasing are respectively 1.95× 10−11 and 4.50× 10−11.

Figures 2 and 4 show the magnitude responses of the
analysis filters based on [3] and QCQP respectively. The ap-
proach in [3] yields sidelobes at -25db while QCQP yields
sidelobles at -47db. This is quite a significant improvement.
Figures 3 and 5 show the overall magnitude response rip-
ples obtained from [3] and QCQP respectively. The QCQP



design yields an overall response ripple 10−3 times smaller
than the design based on [3].
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Fig. 2. Analysis filter responses of design based on [3]
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Fig. 3. Overall response ripple of design based on [3]
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Fig. 4. Analysis filter responses of QCQP design

5. CONCLUSION

An efficient approach for the design of non-uniform DFT
analysis and synthesis filter banks to meet specifications on
the distortion whilst achieving near perfect reconstruction
has been proposed. The design solution amounts to solv-
ing two Quadratically Constrained Quadratic Programs. It
has been demonstrated that the proposed approach provides
an efficient and versatile tool for the design of non-uniform
filter banks. Numerical comparison with the approach pro-
posed in [3] shows a dramatic improvement. Extension of
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Fig. 5. Overall response ripple of QCQP design

our approach to generalised DFT filter banks such as [2] is
under investigation.
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