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Abstract— We consider the problem of achieving input-to-
state stability (ISS) with respect to external disturbances for
control systems with linear dynamics and quantized state
measurements. Quantizers considered in this paper take fi-
nitely many values and have an adjustable “zoom” parameter.
Building on an approach applied previously to systems with
no disturbances, we develop a control methodology that
counteracts an unknown disturbance by switching repeatedly
between ‘“‘zooming out” and ‘“zooming in”. Two specific con-
trol strategies that yield ISS are presented. The first one
is implemented in continuous time and analyzed with the
help of a Lyapunov function, similarly to earlier work. The
second strategy incorporates time sampling, and its analysis
is novel in that it is completely trajectory-based and utilizes
a cascade structure of the closed-loop hybrid system. We
discover that in the presence of disturbances, time-sampling
implementation requires an additional modification which has
not been considered in previous work.

Index Terms— Disturbances, hybrid control, input-to-state
stability, quantized feedback.

1. INTRODUCTION

The subject of this paper is feedback control of lin-
ear continuous-time systems with quantized state measure-
ments. Control problems of this kind are motivated by
numerous applications where communication between the
plant and the controller is limited due to capacity or security
constraints. This is a very active and expanding research
area; see, e.g., [2], [18], [1], [3], [15], [6], [5], [8], [91,
[12], [17].

The starting point for this paper is the approach developed
in [1], [8] (see also [10, Chap. 5]) which we now briefly
recall. The quantizer is assumed to take a finite set of
values and incorporates an adjustable “zoom” parameter.
The control strategy is composed of two stages. The first,
“zooming-out” stage consists in increasing the range of the
quantizer until the state of the system can be adequately
measured; at this stage, the system is open-loop. The second,
“zooming-in” stage involves applying feedback and at the
same time decreasing the quantization error in such a way
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as to drive the state to the origin. This results in a hybrid
control law, in which discrete transitions are triggered by
the values of a suitable Lyapunov function.

The method of [1], [8] was shown to achieve global
asymptotic stability (GAS). The focus of the present work
is on achieving robustness with respect to disturbances. We
characterize the desired robustness by an ISS-like property
(see [16]) which involves bounded nonlinear gains from the
initial state and the supremum norm of the disturbance to the
supremum norm of the state and also from the supremum
limit of the disturbance to the supremum limit of the state.
The contributions cited earlier only deal with stability in
the absence of external signals, with the notable exceptions
of [5], [17], [12]. In [5], [17], state boundedness in the
presence of bounded disturbances is achieved by using the
knowledge of a disturbance bound. In [12], mean square
stability in the stochastic setting is obtained by utilizing
statistical information about the disturbance (a bound on its
appropriate moment). In contrast to these works, here we
assume the disturbance to be completely unknown to the
controller.

Our first main result (Theorem 1 in Section II) is that
the ISS property in the presence of disturbances can be
achieved by extending the method of [1], [8]. An extension
is necessary because an unknown disturbance may force
the state outside the range of the quantizer after it has
already been inside. Thus we develop a control strategy
that switches multiple times between the zooming-out and
zooming-in stages. This strategy is still Lyapunov-based,
and its analysis is similar in spirit to that from [8] but
is significantly more difficult. When no disturbances are
present, the earlier stabilization result is recovered from our
new result as a special case.

Next, we turn to the problem of achieving the same
robustness property using sampled-data quantized feed-
back. Time-sampling implementation is important because
it guarantees a finite data rate (cf. [6]) and also because
it exposes the issue of robustness with respect to time
delays. We demonstrate that unless proper care is taken, the
straightforward sampled-data adaptation of the continuous-
time control strategy in general fails to provide ISS (Sec-
tion III-B). We then proceed to describe a modified version
of the zooming-out procedure which yields ISS in the
time-sampling context, obtaining our second main result
(Theorem 2 in Section III-C).

We give a proof of Theorem 2 which sharply differs



from that of Theorem 1 in that it does not use a Lyapunov
function and instead is based entirely on trajectory analysis.
Thus another principal contribution of this work is a novel
alternative method for analyzing stability and robustness
of quantized feedback control schemes (this method can
be applied in continuous time as well). In particular, an
important component of this time-based analysis consists in
recognizing and utilizing a cascade structure! of the hybrid
closed-loop system.

In an effort to make the paper accessible to a variety of
readers, we organize it in a top-down fashion.? The main
results are first presented in Sections II and III without
proofs; discussions and examples are also provided there to
compare and illustrate the results. The basic steps of their
proofs are then described in Section IV, and the remaining
more technical proofs are collected in the Appendix.

II. LYAPUNOV-BASED CONTINUOUS-TIME APPROACH

We consider the linear system
&= Az + Bu+ Dd 1)

where z 2 R"™ is the state, v 2 R™ is the control input,
and d 2 R® is a disturbance (v and d are taken to be
Lebesgue measurable and locally bounded). We assume that
A is a nonzero, non-Hurwitz matrix. We assume this system
is stabilizable, so there exist matrices X and P = PT > 0
such that A + BK is Hurwitz and

(A+BK)'P+ P(A+BK)  2I. )

Let Apmin( ) and Apax( ) denote the smallest and the largest
eigenvalue of a symmetric matrix, respectively. In what
follows, j | denotes the Euclidean norm, kK k denotes the
corresponding matrix induced norm, and K k; denotes the
supremum norm of a signal on an interval J. For x 2 R",
dre is the smallest integer z 2 N such that z  x. We use
the notation (z,y) := (7 yT)T for arbitrary vectors z,y.
A continuous function ¢ : R>g ! Rxq is of class K if it
is zero at zero, strictly increasing, and unbounded.

A quantizer is a piecewise constant function ¢ : R ! Q,
where Q is a finite subset of R™. We assume that there
exist real numbers M > A > 0 such that the following two
conditions hold:

jZ M) je(z) 2 A 3)

and
jZl>M) je(z)j>M A “)

The first condition gives a bound on the quantization error
when the quantizer does not saturate, while the second one
provides a way to detect the possibility of saturation. We
will refer to M and A as the range and the error bound of
the quantizer, respectively.

This can be viewed as a special instance of the general small-gain
approach to stability analysis of hybrid systems proposed in [13].
2We thank the anonymous referees for suggesting this structure.

We also assume that ¢(z) = 0 on some neighborhood of
the origin. This assumption can be stated as follows.

Assumption IL.1 There exists a number Ay > 0 such that

Sforall jzj Ay we have q(z) = 0.
We will be using the one-parameter family of quantizers
x
qu(z) == uq(;), pw>0. ©)

Here 1 is an adjustable parameter, which can be viewed as a
“zoom” variable. At each time ¢, the quantized measurement
Qu(t)(x(t)) will represent the information about x(t) that
is communicated to the controller. For each fixed p, the
range of the quantizer ¢, is My and the error bound is
Ap. Geometrically, at every given time R is divided into a
finite number of quantization regions (each corresponding to
a fixed value of g,,) and the controller knows which of these
regions contains the state x. The variable p will be varied
in a discrete fashion in order to extract more information
about the state. This adjustment policy for u, or “zooming
protocol”, will depend only on the quantized measurements
of the state; it can be thought of as being implemented
synchronously on both ends of the communication channel,
starting from some known initial value pg. We refer the
reader to [1], [8], [10] for further motivation and discussion.

The problem of interest is to design a quantized feedback
control law and a scheme for updating p to achieve the
following goal: there exist functions v1,72,v3 2 Ko such
that for every initial condition xy = x(to) and every
bounded disturbance d we have

jz)j 7 (izo)) + 72 (KdKpy o)) 8t to (6)
and
limsupja(t) s (msupja(t)). %)

We note that the gain functions 71, 2, y3 may depend on the
choice of the initial value 119 = p(to) of the zoom variable®
1, but do not depend on zy or d. Since the closed-loop
dynamics will not explicitly depend on time ¢, all bounds
will also be uniform with respect to the initial time %g.

We know that for continuous systems of the form z =
f(x,d), the property expressed by the two inequalities (6)
and (7) is equivalent to input-to-state stability (ISS) with
respect to d [16]. In the present case, the closed-loop system
will be a hybrid system, because it will contain an additional
discrete state p. With some abuse of terminology, we will
refer to the previous property as ISS of the continuous
closed-loop dynamics.

This ISS property also implies that in the disturbance-
free case (d  0), the origin is a GAS equilibrium of the
continuous closed-loop dynamics (for a fixed pg). Thus
we recover as a special case the property achieved by
the algorithms developed in [1], [8] for the case of no

3Actually, v3 will not depend on pg, as we will see from the for-
mula (48) in Section IV-A.



disturbances. In fact, the algorithm presented next is a
natural extension of the ones from [1], [8].

As we said, the overall closed-loop system will be hybrid:
it will contain continuous states (states taking values in
a continuum) and discrete states (states taking values in
a discrete set). Both continuous and discrete states will
be functions of the continuous time ¢ 2 [tg,1 ). The
continuous variables will be comprised of the system state
x and two auxiliary reset clock variables 7o, and 7j,, both
initialized at 0. They will take values in the intervals [0, Toy]
and [0, Ti,), respectively, where Ty, T3 > 0. The discrete
variables will be comprised of the zoom variable ¢ and an
auxiliary logical variable captured. The variable p will
be initialized at some po > 0 and will take values in a
discrete subset of (0,1 ) which depends on pg. The variable
captured will take values in the set f“yes”, “no”g and
will be initialized at “no”; it is needed to distinguish
between the “capturing” (open-loop) stage and the control
(closed-loop) stage. The control law is defined by

Kqy@4)(x(t))

The state dynamics describing the evolution of the system
variables with respect to time are composed of continuous
evolution and discrete events. During continuous evolution
(i.e., while no discrete events occur), p is held constant, =
satisfies (1) with u defined by (8), and the clock variables
satisfy

. Tl 7 <Tin . 1 if Tou < Tow
Tin = . y  Tout = . )
0 if Tin = Lin 0 if Tout = Toul

0 if captured = “no” ®)
B if captured = “yes”

We now describe the discrete events. Given an arbitrary
time ¢, we will denote by p~ (), or simply by u~ when
the time arguments are omitted, the quantity limg ~ p(s),
and similarly for all other variables. All system variables
will be continuous from the right by construction (and of
course x is continuous). Let numbers Qg > 1, iy 2 (0, 1),
T. 2 (0,Tow/2), and loy > lin > 0 be given. The
discrete events are of three types. They are governed by the
following rules, which we write in the form “if f conditionsg
then f actionsg”. The conditions are mutually exclusive and
are assumed to be checked continuously in time. Variables
for which no actions are specified remain constant during
the corresponding events.

Zoom-out: If

(Tout = Tout and captured™ = “no”) or

(g ()]

then let p = Qoupu™ and 7oy = 0.
Capture: If

lowp” and captured™ = “yes”)  (10)

lowp” and 7o 2 [To, Towe Tt)

jqu (33)] out

and captured™ = “no” (1

then let p = Qo™ and captured="yes”.

Zoom-in: If

linp~ and minfr,, 7,9 T

jgu ()]

and captured™ = “yes” (12)

then let = Qu~ and 7, = 0.

Noting the saturation in (9) and recalling that T4y Tip,
the functioning of the clocks can be understood as follows.
While captured = “no”, we wait at least Ty units of
time after a zoom-out before executing another zoom-out.
Moreover, we wait at least 7}, units of time after the last
zoom-in or zoom-out before executing another zoom-in. For
convenience, the clock 74, is also used to ensure that the
capture event is separated in time from the zoom-outs.

For each fixed value of u, chattering on the boundaries
between the quantization regions may occur, and solutions
are to be interpreted in the sense of Filippov [4] (this issue
does not affect the Lyapunov-based analysis that follows).
Solutions of the overall hybrid system are defined as usual,
from one discrete event to the next. The only potential issue
is the possibility of infinitely many zoom-in/out events in
finite time (Zeno behavior), which in principle can happen
since a minimal time between zoom-outs is not enforced
while captured = “yes”. However, such behavior is
ruled out by Theorem 1 given next, which guarantees that
 remains bounded for all time when the disturbance is
bounded. Indeed, first note that the variable captured
cannot change its value more than once and hence can
be ignored. Now suppose that on a finite interval [tg, 1]
we have Zeno behavior. Since d is locally bounded, it is
bounded on [tg,t1]. By causality, u(¢1) would not change
if we reset d(t) for t > t1, say, to 0. Therefore, u(t1)
must be bounded. We have p(t1) = QF1 QM u(t), where
k1 and ko denote the (possibly infinite) number of zoom-
ins and zoom-outs on the interval [to, ], respectively. Our
algorithm enforces that k; is finite, since [to,¢1] is bounded
and each zoom-in is preceded by a time interval of length
at least Tj,. Hence, only ko can be infinite. But this would
contradict the boundedness of p(t1) since Qo > 1 and
/L(lfo) > 0.

We now state the main result of this section; see Sec-
tion IV-A for the proof.

Theorem 1 Consider the system (1). Pick matrices K and
P = PT > 0 satisfying (2). Let q be a quantizer satisfying
the conditions (3) and (4), where M and A satisfy

/\max(P) + /\max(P)
Amin(li)) Amin(li))

M > (2 +2 kPBKk) A. (13)

Let Qin, Qouts Tin, Tout, Te be positive numbers satisfying the



inequalities Qin < 1, Towe  Tin, Tec < Tou/2,

Amin (P) /\max (P)

Qi | ———= (M 2A) 2A kPBKKA
)\max(P)( ) > Amin(P)
(14)
M
Qour > ; (15)
mm(P)
2A
N () 28
log Qout
Tou < KAK (16)
(Tin > O is arbitrary). Define
Amin(F))

bt =M A, by = Qi (M 2A) A. (17)

Amax(P)
Let the control be defined by (8) and let the evolution of
1 be as described earlier, with an arbitrary fixed initial
condition g = p(tg) > 0. Then there exist functions
V1,772,773 2 Koo such that for every initial state o = x(to)
and every bounded disturbance d the closed-loop system has
the properties that |1 remains bounded and the continuous
dynamics are ISS in the sense of satisfying (6) and (7).

It is straightforward to verify that the inequality (13)
ensures the existence of all subsequently defined quantities
in the theorem statement. The intuitive meaning of this
inequality is that the quantizer takes sufficiently many values
so that its range M is large enough compared to the error
bound A.

As a corollary of Theorem 1, we have that if d 0 then
the continuous closed-loop dynamics are GAS. In fact, the
rate of convergence of z(t) to O is exponential. This can
be deduced from the proof of the theorem, but also follows
from the fact that the convergence provided by the event-
based strategy is no slower than the one obtained in [8] via
dwell-time switching.

Example I1.2 To illustrate Theorem 1, we simulated the
previous control algorithm with system parameters

(0 3 e 12\ s
=) e () o= ()

uniform quantizer with M = 50 and A = pi/ 10, and
control design parameters K = ( 1.1~ 2.6) 103, 4, =
04, Qo =3, P =1, Tiy = Tow = 0.16, T, = 0.01. The
behavior (on a log scale) of the state x(¢) and the quantizer’s
range M p(t) for the initial conditions z(0) = (10(?0) and
1(0) = 10 in response to random disturbance d(t) uniformly
distributed on the interval [0,0.01] is shown in Figure 1.
Large values for D, K, and x(0) were chosen simply to
achieve separation between the different plots in the figure.
As expected, after an initial overshoot the state settles below
a bound which, actually, is several orders of magnitude
lower than that provided by the formulas (7) given earlier
and (48) given in the proof of Theorem 1. (|

x|

S

2
1\\!.1 I ‘./Ju;luu\ e\ L0 b gyt gt N
I \ | LT T /\f\\l \AM l\/
| ‘Hl"‘ (N ‘1\’ "I‘H i AT oY ! L KNTR
1001y ol P iy ol
0 2 4 6 8 10

t

Fig. 1. Simulationresultsfor Examplell.2

It is important to note that in the control strategy just
described, a zoom-out is triggered immediately whenever
the last two conditions in (10) are true. This property is
crucial for Theorem 1 to hold (it enables the last claim of
Lemma IV.1 in Section IV). In Figure 1, we indeed see very
rapid changes of p in response to rapidly varying d. Clearly,
this aspect of the present scheme makes it sensitive to time
delays and renders it not implementable in the sampled-data
framework. Thus the issue of designing a suitable zooming-
out procedure will be central as we turn to the time-sampling
scenario in the next section.

***PDragan: I also had here the following discussion:
“ISS holds but small states hit by disturbance lead to
very fast switching. Can quantify this property like
this: © = d gives appr0x1mately lmear growth of z,
while ;. grows according to quOm (N (¢) is number of
switches). At constant switching rate this is exponential,
very sluggish if i is small — hence need N (¢) to be large
to catch up.” However, without giving another picture
where we can actually observe this, perhaps the above
discussion is not very helpful. Should we do more here,
or should we just wait until Section III-B where this issue
is addressed in detail for the sampled case and supported
by another simulation? Also, below is a picture showing
convergence to 0 in the absence of disturbance (not very
exciting, I’'m not sure if we have space to include it,
probably not necessary — what do you think?)

III. TRAJECTORY-BASED SAMPLED-DATA APPROACH

In this section, we introduce a new sampled-data stabi-
lization scheme which can be regarded as an alternative to
the scheme from the previous section. We first discuss the
simpler disturbance-free case to illustrate the new technique.
Then, we study an example of a controller and zooming
protocol that do not have robustness in an ISS sense. Finally,
in the last subsection we present a result on ISS of the
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closed-loop system with respect to disturbances with a
modified zooming protocol.

***Dragan: 1 believe we can save a lot of space by
moving some displayed equations inline. Can you please
go through your part and check if some equations don’t
need to be numbered (in my part I only number those
equations that are referenced later) and possibly can be
moved inline? Also, you have a couple of tall formulas
with fractions (such as the two definitions of 7); we
can save some vertical space by replacing the fraction
structure - with ab—1, etc. I’d keep the crucial things
displayed, such as the definition of ¢}, I’m talking mainly
about less important formulas in proofs.

A. Disturbance-free case

We consider the continuous-time linear system (1) and
assume that A is a non-zero non-Hurwitz matrix. In this
subsection, we assume that d() 0. We will control this
system with quantized hybrid feedback that is defined next.
Let T" > 0 be a given sampling period and let ¢;, := kT for
k 2 N. We define x(t) := xx and a sequence xy, ..., T
is denoted as x [ z). Our closed-loop dynamics will consist
of the following:

Plant: ©(t) = Az(t) + Bu(t), z(0)=xz02 R" (18)
Controller: u(t) = U(Qu, g, Ti), 2 [te,ter1)  (19)
Protocol: pig+1 = G(Qk, ftk, Tk), Ho 2 Rxo (20)
Switching: Qi = H(Qe—1, ik, k), Q-1 = Qou- (21)

Let £ou > fin > 0 be strictly positive numbers to be defined.
To simplify the notation, we introduce ¢ := g, (zx) for
arbitrary & 2 N, where ¢, () is the one-parameter family
of quantizers defined in (5). The variable €2 determines the
switching rules for the controller and the zooming protocol.
This variable can only take two values y, and €, with
the initial value 2_; = Q. Then, we define the following
hysteresis control law and the zooming protocol:

Dragan: There is an important difference between this

scheme and the previous continuous-time scheme. Sup-
pose that you are zooming out. According to (24), you’ll
switch from Q; = Qg to Qi = i, only after ¢, < ik
will become true. So, by (22), until that happens, the
control will remain 0 and the system will run open-
loop. Another option would have been to switch on
the feedback as soon as ¢; < {loyiik, i.€., aS soon as
the quantizer provides adequate measurements (even
though the hysteresis switching strategy says to continue
to zoom out). The way your current scheme operates,
the system continues to be open-loop unstable longer,
and in simulations Yoav noticed that the overshoot
is noticeably higher than with my scheme (where the
feedback remains on all the time). You probably don’t
want to change your scheme at this point, since I believe
the proofs depend on the above feature. But I want
to confirm this issue with you before we select the
final simulation examples. I think the difference is less
noticeable if /,, and ¢, are close to each other. Maybe
we want to comment on this issue (see my later comment
about hysteresis vs. no hysteresis).

Daniel: I added an explanation in the remark below. See
if it is enough.

***Dragan: The issue is not only that the controller (22)
switches to the open-loop mode when the quantized
measurement is saturated, but also that it remains open-
loop until we have Q; = Q;, (which may be a while
even after the quantized measurement is no longer
saturated, where by saturation I assume we both mean
iqk] > Loupir). Ive slightly modified the remark below
to explain this, please change this as you see fit.

0 if Q=
U (S0 pis ) 2= {qu if Q: _q, @

Qout,U/}’c if Qk = Qout
G(Q, t, = 23
(e, ok, T ) {Qinuk it QO (23)

Qom if qu] > gout,uk
H(Qp—1, ptr, 1) == { Qin ift jorj < linpi
Q1 i jar) 2 [linpir, Courfin]
(24)
where i, and Qg are strictly positive constants to be
defined.

Remark III.1 The control law and protocol (22), (23), (24)
are novel in that hysteresis switching is used to switch
between the zooming-in and zooming-out stages and there
is a notable difference between the control law and protocol
of the previous section. For instance, the controller (8) runs
in the open-loop mode (i.e. u(t) = 0) only during the first
zoom-out interval until the state is “captured” and then it
behaves as the certainty equivalence controller of the form



u(t) = Kqy)(z(t)) for all future time. On the other hand,
the controller (22) switches to the open-loop mode (i.e.
u = 0) whenever the quantized measurement is saturated
and remains zero until we have = . This yields
a cascade structure of the closed-loop system during the
zooming-in stage, which greatly simplifies the proofs (see
the formula (49) in Section IV-B). One may expect that
the controller (22) might yield larger overshoots than the
controller (8) since it runs more in the open-loop mode.
Indeed, this will be confirmed later by simulations.

***PDragan: Here’s a (boring) simulation illustrating the
present case of no disturbance. Should we include it, or
should we just wait until we get to the disturbance case?

Mu
ol ]

We emphasize that it is not necessary to use (22), (23),
(24) in this section to prove our results and this choice is
used for convenience. Indeed, instead of (22), one could use
a sampled-data version of the control law from the previous
section and our results could still be proved. We do not
pursue this option for space reasons; in fact, this difference
serves to illustrate the flexibility in the design that the two
approaches offer. O

We introduce some notation. Note that for each £ 0 we
have Q; = Qoy or Q = Q. In the former case, we say
that the zoom-out condition is triggered at time k and in the
latter case we say that the zoom-in condition is triggered at
time k. Given an initial condition (and a disturbance), there
is a sequence of intervals on which we zoom in or out, i.e.,
we can introduce k; 2 N such that

W = Qou if k2 [koi, koipr 1],
W= if k2 [koig1, kogpry 1]

where ¢ = 0,1,...,N, with either finite N 2 N or
N = 41 (we may have either infinitely many zoom-
in/out switchings or finitely many). For notational purposes
we will always let kg = 0 and if we actually have that
the zoom-in condition is triggered at kg = k = 0, then
we let k&4 = ko and we have that the first zoom-out

interval is [ko, k1 1] = [0, 1] = ;. In this way, all the
proofs will start with a zoom-out interval knowing that this
interval may actually be empty. This convention simplifies
the presentation.

The dynamics described earlier induce the following
discrete-time system which is more amenable to analysis:

Te4+1 = (pxk + FU(ka,uka Ik)a Zo 2 R" (25)
P = G(Qe, i, k), to 2 Rso (26)
O = H(Qp—1, i, Tr), Q1 = Qour (27)

where .
P = AT r::/ e“*Bds.
0

Note that the switching between the zooming-in and
zooming-out stages is determined by the variable

& = -k,

HE
Hence, the dynamical equations that describe how &g
changes are important for understanding the operation of
the system. For instance, during the zooming-out stage we
have for all k 2 [ko;, k2,41 1] that

[0
St = g Lk -

During the zooming-in stage we have for all k£ 2
[k2i+1,k2(i+1) 1] that

1 1
Chr1 = o (P +TK)& + 5—T'Kw (28)
Qin Qin
where v, = q(§k) &k. We can state the following two
standard results whose proofs are omitted. The first result

follows directly from [7, Example 3.4].

Lemma IIL2 Suppose that ® + 'K is Schur. Then, there
exists 2 2 (0,1), such that for all Qi, 2 [QF, 1),

mn’

1
o (®+TK) (29)
is Schur. Moreover, for any such S, there exist strictly
positive L1, 1,71 such that the solutions of the system (28)
satisfy the following:

j€i  Liexp( Mk)iéoj +nkvk 8k 0.

In particular; let d > 0 and o 2 (0, 1) be such that* %(CI)—}—
TK)*j do” for all k 0. Then, we can let )
_ _ _dTK]j
L1 = d7 )\1 = hl(O')7 Y1 = Qin(l O') . (30)

4These numbers exist since Qi (® +T'K) is Schur. For instance, given

a Lyapunov function V = §T%§ with P = PT > 0 and such that
Q%fT(CI>+FK)TP(<I>+FK)§ < 0¢T P¢ for all € and some o € [0, 1),

Amax (P)

then o comes from the inequality and we can take d = .
Amin(P)



Corollary IIL.3 Let Qiy, L1, 1 come from Lemma I11.2 and
let strictly positive M and A be such that the following
holds:

M>2+Li+m)A . (31)

Then, there exists Ay > 0, with Ay A > 0 such that
whenever j&o] A and kvk A, we have

jau ()i (M A)ug and j&j M 8k 0. (32)

We have the following result for the disturbance-free case;
a sketch of its proof is given in Section IV-B. It can be
viewed as a sampled-data counterpart of the stabilization
results from [1], [8]. This is a corollary of a more general
result (Theorem 2) for the disturbance case that will be
presented in Section III-C.

Corollary IIL.4 Consider the system (18) and suppose As-
sumption I1.1 holds. Suppose that for the given T' > 0 the
pair (®,T) is stabilizable. Let K be such that (» +TK) is
Schur. Let Qi be such that (29) is Schur and let Qgy > |Pj.
Let the range M of the quantizer be sufficiently larger than
the error bound A of the quantizer so that Corollary I11.3
holds with M, A and some A);. Define oy := M A
and Uy := Apy A in (24). Then, uy is bounded for all
k 0 and the system (18), (19), (20), (21), (22), (23), (24)
is globally asymptotically stable. More precisely, there exists
¢ :R>0 Rso! Rxo which is of class K in its first
argument for any fixed value of its second argument and
such that for all vy 2 R™ and any py we have

jzr)  e(zoj,mo) 8k 0 (33)

and limy . joij = 0, exponentially fast.

Dragan: 1 suggest down-grading this Theorem to a
Proposition, so that we have 2 main results as Theorems
1 and 2.

Daniel: I converted it into corollary since it is a conse-
quence of Theorem 2

***PDragan: It seems funny to give a corollary before
giving a theorem of which this is a corollary :-) Also,
there’s potential confusion because the previous corol-
lary is a corollary of the lemma, so the reader might
think that this one is also a corollary of the lemma. More
importantly, strictly speaking it’s not a corollary: the
hypotheses are slightly different, and the exponentially
fast convergence claim doesn’t follow from the ISS result
(unless we do more work there). I’d still argue for
making this a proposition, I think things are quite clear
if we say that this will follow from a stronger result
proved later.

Remark IILS It is not hard to show that the stability bound
valid only at the sampling instants ¢;, which is provided by
Theorem II1.4, can be extended to all ¢t 0. The same is

true for our ISS results in Section III-C. For similar results,
see [14]. O

Daniel: It seems to me that we can remove the paragraph
below in view of the changes to Corollary III.3 and the
footnote in Lemma II1.2. What do you think?

***PDragan: I agree there’s some redundancy between
footnote 4 and the paragraph below. Between the two,
I’d definitely keep the paragraph. What the footnote says
is completely trivial (how to get overshoot and decay rate
from a Lyapunov function). The paragraph, on the other
hand, goes further and gives an interpretation of the
lemma and the corollary in one shot (the choice of 1/ and
A), including geometric intuition and connection with
the previous scheme (which is what reviewers explicitly
asked for). I like the new statement of the lemma, but
I’d suggest removing the (trivial) footnote and keeping
the (more informative) paragraph.

Corollary II1.3 has an appropriate interpretation via Lya-
punov functions, which links the results of this section with
those of the previous section (whose proofs are Lyapunov-
based). Indeed, since we assume that %m(tl)—l-FK ) is Schur,
there exists a quadratic Lyapunov function V (¢) := ¢ P¢
such that for some a > 0 the solutions of the system (28)
satisfy

i€ ajur) ) V(&) < V(&) -

Suppose that A is given. Then, one possible choice of
M, A, A is given by

A > maxf 1, agA (34)

and

M 2A > \/Amax(P)/ Amin(P) Apr. (35)

A geometrical interpretation of (35) is that the smallest level
set of V containing the ball of radius A, is inside the
largest level set of V' contained in the ball of radius M 2A.
If (34) holds, then V' decreases for £ in the annulus between
these two level sets as long as Kk is smaller than A. Hence
for v, = q(&) &k the conditions (32) are satisfied because
&, stays within the range of q.

Dragan: The next paragraph is prompted by a discus-
sion with Yoav. Perhaps there is a more unified way of
presenting the results? See also another comment later,
after Theorem 3.

Daniel: I attempted to do as you suggested. Please check
the new versions of results. Note that there may be now
some repetitions and inconsistencies that I did not try
to fix at this stage since I want you to have a look at
the new versions of results before fine tuning is done.

***PDragan: Looks good.

Lemma II1.2 imposes a lower bound on (;,, while the
inequalities (34) and (35) basically say that M should be
large enough compared to A. In this sense, these conditions



are similar to the conditions (13) and (14) from Section II.
However, it is important to note the following difference. In
Theorem 1, the inequality (13) involves only the system and
quantizer parameters, and the subsequent conditions impose
constraints on the controller parameters. In Theorem 1I1.4,
on the other hand, the controller parameters i, and Qo
are selected on the basis of the system parameters only, and
the choice of (), affects the quantizer parameters.

Dragan: Can we beef up the previous paragraph (see
comments of Reviewer 3)? In particular, can we say that
if instead of hysteresis we proceeded more similarly to
the previous scheme, everything would still hold, and so
this modification is done just out of convenience in this
case, and also to illustrate different possibilities, but not
out of necessity? Also, can we say anything about how
hysteresis vs. no hysteresis would affect performance?
One comment I have about that is something I already
mentioned on page 5. Perhaps the above paragraph can
be moved up there and a brief discussion of hysteresis
can be given early on?

Daniel: I attempted to do this in Remark IIL.1. Let me
know if you agree.

***Pragan: OK.

While it can be shown that for any fixed ¢ > 0 we can
take o(, 1) to be of class K, we have at the same time
that for any fixed s > 0 the following holds:

lim p(s,u) =1 .
pn—0

Hence, the overshoot of the z-subsystem is non-uniform in
small . While it is true that initializing the system at a
particular pg gives a constant overshoot for the x variable
and one can prove stability of the x-subsystem, the lack
of uniformity of the overshoot leads to an inherent lack
of robustness of this scheme, as the following example
illustrates.

B. Lack of robustness

Our next result illustrates that the closed loop system
from Corollary III.4 is not ISS in general.

***PDragan: The proposition looks good, I have some
minor comments. First, the above sentence needs to be
clarified: the system from the corollary didn’t have a
disturbance. Second, there’s verbal redundancy between
that sentence, the sentence after the statement of the
proposition, and the beginning of the paragraph after
that. Third, controllability in one step assumption is
missing from the proposition. Finally, do you want
to say ‘“protocol” instead of “switching logic” in the
proposition, for consistency with usage elsewhere?

Proposition I11.6 Consider the closed loop system consist-
ing of the plant

1 = Pap + Tug + wy

and the controller with switching logic (19), (20), (21) where
(22), (23), (24) hold. Suppose that ® has a real eigenvalue
Am > 1 and that all conditions of Corollary I11.4 hold.
Then, for any xo 2 R", any pg > 0 and any positive C
and ¢ there exists a disturbance w® with jjw®jj € such
that
lim ksup jz(k, o, po, wo )i > C1

A direct consequence of Proposition III.6 is that the closed
loop system satisfying all conditions of Corollary III.4 is
not ISS in general although we showed in Corollary II1.4
its stability in absence of disturbances.

Next, we explain the intuition behind the construction
of a disturbance that illustrates that the ISS gain is not
finite, i.e. the system is not ISS. A detailed construction is
presented in the proof of Proposition III.6 in Section IV.
First, the disturbance is set to zero and then, using the
proof of Corollary II1.4, we can show that if we wait long
enough with the zero disturbance, both x and 1 will become
arbitrarily small and we will be in the zoom-in mode of
operation. Then, when both x and p are sufficiently small
and since the plant is one step completely controllable from
the disturbance, we can find a disturbance w of arbitrarily
small norm that makes the ratio of x to p arbitrarily large
in one step. We apply such a disturbance and then set it
to zero again. Consequently, large & = x/p forces the
switching logic into the zoom out mode of operation. More
importantly, since prior to the action of the disturbance
we had that the system was in the zoom in mode (that
is j&j M) and since the norm of £ can be made
arbitrarily large with the action of the (arbitrarily small)
disturbance, it may take arbitrarily long time before the
system switches again to the zoom in mode. As a result,
the state = exhibits arbitrarily large overshoots during the
zoom out since the open loop plant is unstable. Finally,
we repeat this construction ad infinitum in order to force
lim sup,,_, o, jxrj to be arbitrarily large.

Dragan: I’m not sure if this is the best way to present
this example given the paper’s new structure. One option
(this is what Yoav also suggested) is to state the above
claim as a Proposition and only give here an intuition
behind the disturbance construction and why it works.
Namely, say in words that we keep the disturbance off
for a long time, until = and ;. become very small. Then
the disturbance kicks = away from 0 and outside the
quantizer’s range, this causes the control to shut off, and
it takes a very long time for p to catch up with x which
is growing exponentially fast. This verbal explanation,
accompanied by the simulation example below, should
be enough to give the reader an idea, and then we can
move the technical proof to Section IV. Another thing
Yoav was suggesting (it’s up to you to decide) is to write
the property of i more explicitly, along the lines of
8C,T 92> 0 s.t. if p, < & then ppo < C 8k’ < k+1T.

Daniel: I did this. Let me know if you think it is fine.



I did not use the mathematical explanation that Yoav
suggested since I opted for a fully verbal explanation.

***PDragan: Looks good.

Example II1.7 To illustrate Proposition II1.6, we applied
the control algorithm of Section III-A to the same system as
in Example I1.2, taking the sampling period to be 7' = 0.16
and retaining the initial conditions and all relevant quan-
tizer and controller parameters listed in Example 11.2. We
constructed a disturbance d(¢) in the spirit of the previous
discussion, keeping it zero most of the time and turning
it on for a short period of time when the state becomes
small. Note that the system does not satisfy the assumption
of being controllable in one step, and that we did not follow
exactly the disturbance construction given in the proof of
Proposition II1.6. Nevertheless, the simulation results shown
in Figure 2 confirm that the system may exhibit arbitrarily
large overshoots in response to a small disturbance, because
the quantizer’s range (whose values at sampling times are
indicated by larger dots) takes a long time to catch up with
the state.

Fig. 2. Simulationresultsfor Examplelll.7

***PDragan: Below is a picture confirming that with
persistent random noise we’re still doing relatively well.

The possible non-robustness of the control law in Propo-
sition II1.6 actually holds for a large class of plants, control
laws, and zooming protocols. Indeed, the crucial ingredients
of closed-loop systems that will exhibit this type of non-
robustness are as follows:

1) The closed-loop system has to have the property that
in the absence of disturbances, both x and p converge
to zero. Moreover, given any initial conditions xy and
o > 0, the zooming-out stage is bounded;
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2) The closed-loop system is such that the  component
is completely controllable locally around the origin
with arbitrarily small disturbances kwk ¢;

3) For all £ 0, the zooming protocol takes the form
tk+1 = Yi(ux) where i are continuous, zero at zero,
locally invertible, and uniformly bounded from below
and from above;

4) When the measurement overflows, the controller is
switched off.

Hence, a suitable modification in the zooming-out procedure
needs to be adopted in order to achieve ISS. In what follows,
we provide a modification of the zooming-out procedure
(see (39) in the next subsection) and subsequently prove
that the closed-loop system with the modified scheme is
ISS. In particular, our modification violates item 3) and we
will show that this is sufficient to guarantee ISS.

We remark that the same observation applies to an
even larger class of stabilizing quantized feedback control
strategies, including those with a moving quantization center
(cf. [1], [15], [5], [9], [17]). Since asymptotic stabilization
using such strategies relies on the convergence of the
quantization center to zero, the previous argument can be
slightly extended to reveal a lack of robustness with respect
to disturbances.

C. Input-to-state stability

Consider the plant with disturbance (1), together with the
controller and zooming protocol introduced in Section III-A.
The corresponding discrete-time system is

Tpp1 = Pap + TU (e, po, 1) +wi, 202 R™ (36)
prs1 = G(Q, pre, vx),  pro >0 37
O = H(Qp—1, pgs r);, Qo1 = Qou (38)

where U and H are defined in (22), (24) and wj :=
fk(ffl)T eAR+DT=5) D((s)ds. We use here a new zooming



protocol:

if Qk = Qoul
if Qp = Qi

Qout [,uk + C]

(39)
Qin,u}’c

G(Qpe, o, Tk) = {

where ¢ > 0. For simplicity, we assume in the sequel that
c = 1. The use of this constant ¢ violates item 3) given in
Section III-B, and this will be shown to fix the problem
identified there. The best value of ¢ in general cannot
be determined without having some information about the
disturbance. We do not pursue this interesting issue further
here; we just note that as c is reduced, the ISS gain will
increase and in the limit as ¢! 0, we lose ISS as shown
in the previous section.

Next we introduce a discrete-time version of the definition
of ISS. This will suffice for our analysis in this subsection
since the discrete-time ISS can be used to prove an appro-
priate version of continuous-time ISS that takes inter-sample
behavior into account (see Remark II1.5). The system (36),
(37) is said to be ISS if there exist v1,72,7v3 2 Ko such
that the solutions of the system satisfy the following for all
2o 2 R™ and all w:

jo] Y1 (jwoj) + y2(kwk), 8k  0¢40)

lim supy, _, ok 73 (lim supy,_, o jwij) - (41)

We note that the functions 1, v2 depend on pg > 0 but are
independent of zg or w. On the other hand, we can show
that ~s is independent of .

Dragan: Is it true that ~3 will actually not depend on
(see footnote 3)? Again, intuitively this should be true
but I didn’t check if the current proof shows this.

Daniel: I checked and you are right. I mention this
explicitly now (see above). I also had to change slightly
the end of the proof of theorem - see the last paragraph,
above the conclusions section.

***PDragan: Good. To make this consistent with the
corresponding remark in my part, I’d suggest making
this into a footnote and also pointing to a place in
the proof where this can be seen. Actually, in your
current proof you suppress the arguments in some of
the formulas and so it’s not easy to see which functions
depend on iy and which don’t. I’d suggest trying to
make it more explicit.

Again, we consider the dynamics of the variable & :=
%. During the zooming-in stage we have

1 1 1
=—(®+TK —TI'K — 42
k1 Qin( +TK)& + o DKk + Qka, (42)
where vy := q(&k) &k and ¢ := %, We can state the
following results. The first result follows directly from [7,
Example 3.4].

10

Lemma IIL8 Suppose that o (® + T'K) is Schur’. Then,
there exist strictly positive Li,A1,71,7v2 such that the
solutions of the system (42) satisfy the following:

€ Liexp( Mk)j&oj + v kvk+2k¢k 8k 0.

In particular, let d > 0 and o 2 (0,1) be such thatj%(@—}—

TK)*j do* for all k 0 (see footnote in Lemma II1.2).

Then, L1, 1,71 are given by (30) and we can let vo =
d

Qin(l —G’) :
Corollary IIL9 Let iy, L1, y1 come from Lemma I11.8 and

let strictly positive M and A be such that (31) holds. Then,
there exist strictly positive Ap; and Ay, with Ayy - A >0

such that whenever j&0j A, kvk A and k(k A,
we have
jgu (z)i (M A)pg and j&j M 8k 0.

We can now state the main result of this section; its proof
is given in Section IV-D.

Theorem 2 Consider the system (36), (37), (38) and sup-
pose that Assumption I1.1 holds. Suppose that for the given
T > 0 the pair (®,T") is stabilizable. Let K be such that
(® + T'K) is Schur. Let iy, be such that (29) is Schur
and let Qon > jPj. Let the range M of the quantizer be
sufficiently larger than the error bound A of the quantizer
so that Corollary II1.9 holds with M, A and some Ay, Ay,
Define Loy := M A and Uiy := Ay A in (24). Then,
W is bounded for all k0 and the system (36), (37), (38)
is ISS.

Dragan: Yoav made an important comment after work-
ing on the simulations. To implement our algorithms,
the designer needs to check certain relations between
system parameters, control parameters, and quantizer
parameters. It may be that a controller is designed with
a given quantizer, or vice versa, but in any case these
relations must be explicitly stated. In Theorem 1 they
are very transparent, but in Theorems 2 and 3 we have a
problem. For example, in Theorem 3 the designer would
get stuck on the phrase “so that Corollary 2 holds”.
According to that corollary (and the lemma before it),
we first choose (2;,, depending on the system parameters
so that Qim(tﬁ + I'K) is Schur, and then there exist
appropriate A and M - but this is not constructive
enough to check a given quantizer! What we need to
do is: first, give formulas for L, \;,~v1,72 in terms of
%}((IJ + T'K) (this is a standard gain calculation from
linear system theory; may be enough to just give a
reference); and second, give the relation between these
quantities and A and M (according to Yoav, these are
simply M (24+~1+ L1)A for corollary 1 and similarly
M > (241 + L1)A for corollary 2, please check this).

SIn view of Lemma II1.2, we can find an appropriate i, € (0,1) so
that this holds whenever (® + I'K) is Schur.



Yoav couldn’t actually do the simulations until he went
through these steps, so I think it would be good to
include them.

Daniel: Thanks for this. I rewrote both results. It seems
to me that in both results the inequality has to be strict.
This is because we want to have A, > A. In any case,
now I reference a paper by Jiang and Wang and the
construction is more explicit. I also changed the below
paragraph to accommodate the new changes.

***PDragan: Looks good.

Note that Li,v;,72 in Lemma III.§ can be computed
using a Lyapunov function (see footnote in Lemma II1.2).
Moreover, since (30) is a strict inequality, there exist two
strictly positive numbers €1, €2 such that we have

A(Li(1+e1)+7+2)+e2=M .

Then, it is not hard to show that we can use in Corollary
1.9 the following: Ay = (1 +1)A and Ay, = e2/7.

Dragan: Maybe we can make the relation between
Corollary 1 and Corollary 2 clearer? The quantity A,
is not used in the design, it just needs to exist and be
strictly positive, so the only difference between the two
cases is that an appropriate inequality on )M needs to
be strict (see the previous comment).

Daniel: As I have said, I think the inequality needs to
be strict in both results. I think the corollaries are now
more related.

***PDragan: Looks good.

Example I11.10 This is a continuation of Example IIL.7.
The system is the same as in that example, and the dis-
turbance behaves in the same way, but here we adopt the
modified control scheme with ¢ = 1. Figure 3 confirms
that the problem observed in Figure 2 is overcome, and
the system performance is comparable with that shown
earlier in Figure 1 for the continuous-time case. We note,
however, slightly larger state overshoots here compared to
Figure 1, which are due to the hysteresis switching logic
(see Remark III.1). O

A careful inspection of the proof of Theorem 2 reveals
that the gain functions 71, y2, y3 grow faster than any linear
function both for small and for large values of their argu-
ments. It turns out that this is not an artifact of our control
design, but rather a consequence of a recent result by Nuno
Martins who showed, using techniques from information
theory, that it is impossible to achieve ISS with linear gain
for any linear system with finite data rate feedback [11].
Thus it is indeed necessary to formulate the disturbance
attenuation problem in terms of nonlinear ISS gains (despite
the fact that the given open-loop system is linear), and
our control strategy complements the findings of [11] by
providing a constructive solution to this problem.
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Fig. 3. Simulationresultsfor Examplelll.10

It is worth noting that the modified zooming protocol of
the form (39) can be used in the event-based scheme and it
would not change the ISS properties of the system. Actually,
this modification would have the added benefits of reducing
the number of zoom-outs and providing robustness of the
event-based scheme with respect to time delays. |

***Dragan: And the last figure shows response to white
noise.
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IV. PROOFS OF THE MAIN RESULTS

A. Proof of Theorem 1

The proof of Theorem 1 will rely on a series of lemmas,
whose proofs can be found in the Appendix. We assume
throughout that g > 0 is fixed, d is bounded, and all
hypotheses of Theorem 1 hold.



Lemma IV.1 There exist a time t; to and functions

P, Pp 10,1 )1 (0,1 ) such that
k‘rk[to,tl] P (jxoj + kakdk[tU,oo)) , 43)
w(t1)  puljzoj + KDKKdK[, o)) (44)
and for all t  t; we have captured(t) = “yes” and
je(t)i - Mp(t).

Lemma IV.1 establishes the existence of a time ¢; such
that from this time onward, the continuous state x always
remains within the range of the quantizer g,,. In other words,
the “capturing” stage has a finite duration and does not
need to be repeated. The lemma also provides bounds on
the overshoots of the system states x and p during the
capturing stage. By time-invariance of the dynamics, jt1 ]
is independent of ty. On the other hand, jt;  tgj, pz, and
py are all affected by the choice of jo (see the proof of
Lemma IV.1).

Lemma IV.2 Define

V(z) = §xTP:c.

Then for t
jzj > KPBKKAp+ KPDKjdj )

t1 we have
V<0 (45

along the continuous dynamics (i.e., on every subinterval of
[t1,1 ) on which p remains constant).

Lemma IV.2 says that after the capturing stage is com-
pleted, and away from the discrete events (zoom-ins and
zoom-outs), V serves as a Lyapunov function for the closed-
loop system as long as x remains outside a ball around
the origin whose size is determined by p, jdj, and system
parameters. This implies, in particular, that every sublevel
set of V' which contains this ball (and is contained in the
range of ¢,) is invariant with respect to the continuous
dynamics.

Lemma IV.3 Consider some t
R1(u(t)), where

Ri(p) = {z: V(2) < Amin(P)(M  2A)%p°} .

t1 such that xz(t) 2

Suppose that u(t) satisfies
Amin(P) (M 24)u(t)
> /Amax(P) (KPBEKKAp(t) + KPDKKdK(; o)) -

Then the next discrete event can only be a zoom-in. More-
over, if u(t) satisfies

(46)

)\min (P)
)\min (P) (Qin m

> \/Amax(P) (KPBKKAp(t) + kP DKKdK o) )

then this zoom-in will happen in finite time.

(M 2A) ZA)M(t) )
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The first claim of Lemma IV.3 provides a specific instance
of the general statement made just before Lemma IV.3:
R (1) is a suitable sublevel set of V, and the condition (46)
guarantees that it contains the appropriate ball, hence a
zoom-out cannot occur. The meaning of the second claim
is that a zoom-in will eventually be triggered unless p is
already small enough relative to the disturbance.

Lemma IV.4 For every € > 0 there exists a § > 0 with
the property that if jzoj 6 and KdK, ) 6 then there
exists a time to  ty such that:

D Ri(u(tz)) fo:jaj e

2) x(t) 2 Ri(u(te)) for all t 2 [to, ta].

3) The inequality (46) holds with t = ts.

In the absence of the disturbance, Lemma IV.4 gives
stability of the origin in the sense of Lyapunov. Its proof is
an extension of the proof of Lyapunov stability given in [8,
p. 1547], and relies on Assumption IL.1.

Proof of Theorem 1: Define

. V/ Amax (P)kP DkKdK(4,,0)

o am )M 28) e (PIKPBEKA
It is straightforward to check that (46) holds whenever
pu(t) > fi.

Claim 1: forallt ¢ we have u(t)  Qou maxf pu(t1), [i0.
If the claim is not true, then a zoom-out must have occurred
after t; with = > maxf u(¢1), 4g. This in turn implies
that the discrete event prior to that was either a zoom-out
or a zoom-in which also occurred after ¢; and resulted in
u > maxf u(ty), ig. By Lemma IV.1 we have jz(t)j
Mu(t) for t ;1. It is easy to see from (15) and (17)
that after a zoom-out or a zoom-in with jzj  Mpu~ we
necessarily have jzj 2 Rq(u). Therefore, Lemma IV.3 tells
us that the next discrete event could not be a zoom-out, and
the resulting contradiction proves the claim.

Combining Claim 1 and the definition of j with the
bounds (43) and (44) from Lemma IV.1, we see that the
estimate (6) holds with some functions y; and 2 which can
be made continuous and nondecreasing, but not necessarily
0 at 0. Moreover, for every € > 0 we can apply Lemma IV.4
to find a & > 0 with the three properties stated in that lemma.
Lemma IV.3 then implies that the first discrete event after
to (if one occurs) is a zoom-in. It follows that p(t)  u(t2)
for all ¢ to, because if p returns to the value p(t¢2) then
Lemma IV.3 again applies. This means that for jxzoj and
KdK(1,,00) sufficiently small, Lemmas IV.1 and IV.4 yield
an arbitrarily small bound for jz(¢)j for all time. Therefore,
we can modify the functions ; and 2 to make them O at 0,
hence class K ., and the first ISS estimate (6) is established.

Next, pick an arbitrary € > 0 and define

i max(PIRPDK L id()] + ).
a t—oo

where @ = Qidmin(P) (M 2A)  Amax(P)KPBKKA
vV Amin (P)Amax(P)2A. There exists a time ¢z ¢; such




that jd(t)]  limsup,_ . jd(t)] + € for all t ¢z It is
straightforward to check that (47) holds whenever ¢ ¢z

and p(t) > fi.
Claim 2: there exists a time 7z  tz such that p(t)  Qouji
forall t e
If w(t) i for all ¢ tz, then the claim is trivially

true. Otherwise, pick some ¢ ¢z such that u(t) > f.
If x 2 Ri(u(t)), then Lemma IV.2 guarantees that either
x will enter R (u(t)) before the next discrete event occurs
or a zoom-out will occur and we will have x 2 R () for
the new value of p, i.e., Qouu(t). After that, Lemma IV.3
ensures that as long as ;¢ > i, zoom-ins will keep occurring.
Therefore, we will eventually have ¢ fi. This proves the
claim, because if u returns to a value in (f, Qouft], then the
same argument again applies and a further zoom-out is not
possible.

In view of Claim 2, the definition of fi, the bound jx(¢)j
Mu(t) for t  ¢1 provided by Lemma IV.1, and the fact
that € > 0 was arbitrary, the second ISS estimate (7) is also
established, with the linear gain function

M QoutAmax (P)KP Dk
v3(r) = out a( ) . (48)
This completes the proof of the theorem. |

B. Proof of Corollary I11.4 (sketch)

If the initial conditions are such that a zoom-in is trig-
gered initially, then the zoom-in condition is triggered for
all future times and the system dynamics evolve according
to the following equations:

T Tl
= (® +TK)z, +TK TR IR
Try1 = ( )Tk Kk <q (Mk) /Ms) (49)
Mr+1 = Qinfi -
Since jg(z) 2] A, this system is a cascade of the GAS

p-subsystem and the ISS z-subsystem and hence there exist
K, A > 0 such that we have for all & 0:

i(@r, pn)i K exp(C Mk)j(o, p0)] -

On the other hand, if a zoom-out is triggered initially, then
for any x( and g there exists k* := k*(jxoj, o) such that

L;’i% Ui, and hence the zoom-in condition is triggered.
oreover, for all & k* the zoom-in condition is triggered

and we have forall k& 0

i(@e )i Kexp( Mk k) j(ze )i~ (50)
For all k 2 [0, k*] we have
jzi joj* (7ol jaoi =2 py (jzoj, o) (51)
m OF =0 lm0j 08 =+ po (o, o) -

Combining bounds (50) and (51) we can write

jrij  exp( Ak) Kexp(Ak*(jzoj, to))

which shows that xj; converges to zero exponentially
(note that we suppressed the arguments of p;). The

p: +p3, (52)

13

proof would be over if we had K exp(Ak*(0, o))
VP30, 110) + p2(0,10) = 0 but this is not true since
p2(0, 1) 6 0 for any p > 0.

In order to prove stability, we use Assumption II.1 to
prove that there exists continuous and bounded ¢ : R>g
R>o! Rx¢ with (0, 1) = 0 so that (33) holds. With these
properties, there is no loss of generality in taking ¢( , u) 2
Koo for any fixed ¢ > 0 (just bound the original function
with the K., one). Let an arbitrary p > 0 be given and

introduce
e [E)]
1= max _—,
1D(Qin)
Then we have for all k& k* + T that

jee)  Mpe =M e Mol
pi Jor § = x1(zk o ) -
Note that Assumption II.1 guarantees that there exists L, >
0 such that g(z)  Lgjzj for all z 0. Hence, for k& 2
[k*, k* + T*] we can write
jeri (191 +JTK]L)" joi | =: xa(izk J) -
Since j®j > 1 and Qy, < 1, x2(0) = 0 and x2(s) is bounded

for all s 0. Hence, we can bound it by a x3 2 K.
Finally, we define

G(jzj, p) := maxf xs(jai), x1 (=i, n)g,

and it is clear that (0, 1) = 0 and the function is increasing
in both its arguments. Hence, we can write that for all k&
k*

Jk] Gk Jopk ) @(pr(izo, po), p2(jzol, o))
= @(JxOJa ,LLO) :

Note that @(0,) = 0 for any p > 0. Finally,

the conclusion in (33) follows by noting that there ex-

ists ¢ with the right properties such that (s, p)

maxf 95(57/1)7,01(57/09’ 8,“/78 U

C. Proof of Proposition I11.6

Let C; > 0 and € > 0 be arbitrary. Since we assumed
that there exists a positive real eigenvalue \,, > 1 of @,
let ¢, be its corresponding eigenvector with j¢,,] = 1. Let
€ >0 and Z; > 0 be such that

z (j®+TKj+TKjA) + 2 <¢. (53)

Let C; and € generate

In( A;n)w . (54)

0%
T

Let T generate Co > 0 via

Cy > max {Em

; Eom} : (55)



Let C; and € generate &5 as follows:

é
o 1= . 56
2= a5 (56)

Finally, using £; and &, define
€ := minf &y, &29. 67

Note that since the system without disturbance is stable, as
shown by Theorem III.4, for any x¢g 2 R™, po > 0 there
exists k5 > 0 such that with w;, 0 we have

maxfj zx j, ik, 9 € and j§k ] M. (58)

We now start the construction of the disturbance. Let the
disturbance satisfy

w;, =0 8k2 [0,k 1] 59)
Hence, (58) holds. Let now

wi, = (2+TK)wy, TKpuk (e, &) +EGn -

This disturbance will yield Ty4+1 = €(m. The conditions
(53) and (57) guarantee that jwioj . The conditions (56)
and (57) guarantee that

Thy+1 15
Qinfi,
and hence at time k;+-1 the zoom-out condition is triggered.
Since the £ dynamics with wy 0 evolve according to

0]
1 = Qoutgk ,

€k, 11| = TR Co (60)

there exists an integer kK such that if the disturbance

satisfies
w, =0 8k2 [kj+1,kf 1],

then |§k1 | lin and the zoom-in condition is triggered at
k = k7. Moreover, from (54) and (55) we have k7 kj 1
T, which implies together with (60) that

iz, = (A T TN N

Again via stability of the disturbance-free (z, ;1) system,
there exists k3 such that if
wf, =0 8k 2 [kT, k5 1],
then we have
maxfj vy j, pk,9 € and j§, ] M. (61)

In a similar manner, we construct the disturbance so that
for all k 6 k3;,7 2 N we have

wi, =0
and for all k = k3;,j 2 N we have
wizj = (®+TK)wy,

UK e, (Qr,,  Eky,) + ECm -

This disturbance by construction satisfies Kw®k
yields

€ and

jrk, §>Ch

2541

which completes the argument.

82N,
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D. Proof of Theorem 2

The proof of Theorem 2 is carried out using several
lemmas, whose proofs are given in the Appendix.

Lemma IV.5 Suppose that all conditions of Theorem 2
hold. Then, there exist pi1,pa, 1,2 2 Ko such that for
any 1 2 N, zy,, 2 R, pg,, > 0, and w we have

kivr k2o 1+ @1(jar,]) + o2 (kWK[kzi,kzm_u) (62)

and, moreover, for all k 2 [ka;, kai11]
o o) + o2 (Ko o) - (63)

Dragan: Please provide brief intuitive explanations after
each lemma, in the spirit of Section IV-A. Would be
nice to convey how the lemmas give characterizations of
system behavior during different time intervals, which
will then be ‘“glued together” (I’m thinking of that
“tube” picture we had on the board in my office).

The next paragraph used to be a remark, but it’s not
referred to anywhere, so maybe it can just be a part of
an explanation.

Daniel: I did this. Please check what I wrote.

***PDragan: Looks good, see some comments below.

Lemma IV.5 implies that the zoom-out condition can be
only triggered for finitely many time steps. Hence, if NV
is finite, then konyo = 1 . In other words, there exists
kon+1 2 N such that the zoom-in condition is triggered on
the interval [kon 1,1 ). Moreover, Lemma IV.5 establishes
a bound on the state x during the zoom out intervals. We
remark that the functions p; and ¢; are independent of (.

Lemma IV.6 There exists a continuous bounded function
out

Pt such that for any p > 0 we have p%**(u,0,0) > 0
and the following is true for all i 2 f0,1,..., Ng and all

Mhoy >0, Thyy 2 R™, w2 log:

Hkgiya pZUt (Mkzmjxkzijv kwk[km,kgprlfl]) : (64)
Lemma IV.6 establishes a bound on p at the end of each
zoom out interval in terms of the values of p and z at
the beginning of the corresponding interval and the infinity
norm of the disturbance during this interval.

Dragan: Why do we need the first inequality in (64)?
I see how it is proved but I can’t understand what it
means or find where we use it later (this is what I asked
you by email on Nov 6).

Daniel: I could not find the place I use it and hence I
deleted it.

***PDragan: You still write it in the proof (the end of
first inequality), I assume that can be deleted as well.



Lemma IV.7 There exist positive K, \,~y such that for any
8,t 2 [kait1, kaita] with s t, any s, pus and w 2 1

jzsj  Kexp( Ms  t))(zef + pe) +vKwk o) - (65)

In particular, we have from (65) that for all k 2
[k2i+1, k2it2] the following holds:

k] FCXP( Mk koiv1))(z2it1] + p2ivt)
+y kwk[kﬂﬂ)k_l] . (66)

Lemma IV.7 establishes an appropriate bound on the
state & during the zoom in intervals. This bound is a
direct consequence of the fact that during the zoom ins the
system behaves as a cascade of = and p subsystems. The x
subsystem is ISS when o is regarded as an input and the p
subsystem is globally exponentially stable.

Lemma IV.8 There exists a continuous function pi"
Rso Rso Rxo ! Rxq with pi(n,0,0) = 0 for
all w > 0, and such that for any s 0, pin(, ,s)
is nondecreasing in its first two arguments and for any
i210,1,...,NQ the following holds for all {1, ) Ty, 1>
w and 8k 2 [k2i+1, k2i+2]:

k] picn (Mkzz'Jrl 7j‘rk2i+1j’ kwk[k2i+1=k2(i+1) 71])

Lemma IV.8 establishes a different bound during zoom
in intervals for the state z than the bound given in Lemma
IV.7. Indeed, note that p®™(11,0,0) = 0 can not be directly
concluded from Lemma IV.7. As with Lemma IV.4, we need
to use Assumption II.1 in the proof of Lemma IV.8.

***PDragan: I pointed out the analogy with Lemma IV.4
in the above paragraph, OK?

Lemma IV.9 Consider arbitrary i 2 f0,1,2,...,Ng. If
koito < 41, then @ < N 1 and there exists v > 0
such that

maxfj Tr,, oy ki o9 kwk[szhbHTH (67)

Lemma IV.9 establishes that after each zoom out there is
a zoom in interval. In particular, if IV is finite then the last
interval is zoom in. Moreover, (67) states that if a zoom in
interval is bounded (it is followed by a zoom out interval)
then at the end of the zoom in interval we have that x and p
are bounded by a function of disturbance only, i.e. the initial
conditions are “forgotten”. Note that ¥ is a fixed constant.

***Pragan: 1 think there’s some redundancy Dbe-
tween the above paragraph and the paragraph after
Lemma IV.5.

Proof of Theorem 2: First, we prove that there exist
Y1,72 2 Ko such that (40) holds. The proof is carried
out using the previous lemmas and induction.

Step @ = 0: Let ko = 0. Without loss of generality we
suppose that g = ,, and we zoom out on the non-empty
interval [ko,k;  1]. We have from Lemma IV.5 that

jzel pr(izo)) + pa(kwky, 1) 8k 2 [0,k1]. (68)
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Then, using the fact that p’™ is non-decreasing in its first
two arguments, Lemmas IV.6 and IV.8, and (62), we can
write for all k 2 [kq, ks]:

Jxkj pin(:uknjxkljak’LUk[]gh]q—l])
plzn (pZUtu p1+ p2, kwk[kl_’kfl])
Y1 (iwoj) + Vo (kwkpg . _qp) (69)
for some 7,79 2 Koo
We either have that ko = +1 or ko < 41 . If the former
is true, the proof is complete. If the latter is true, then we
have from Lemma IV.9 that (67) holds, i.e.,

maxfj zp, |, pe, g yKwkp, oy (70)

Step 2 = 1: Using Lemma IV.5 and (70), it follows that
for all k 2 [ka, ks3]

j7k] P1 (ﬁ kU’k[kl,krl}) + P2 (kwk[k%kr”)

7 (Kwk o)

where ¥(s) := p1(¥s) + p2(s). Moreover, using Lemma
IV.8, (62) and (70) we can write for all k 2 [ks, k4]:

jk] P (Hkg s [ ks kwk[k&k_l])

P (P2 1+ p2, Kk, )

F1(Tr,)) + 72("1”"[1@2,1@—1])

V1 (7 kK 1) + Vo (KK, o qp)

7("“’"[161,1@71]) , 71)
where 5(s) := 7, (¥s) + ¥,(s). Either k4 = +1 , in which
case we have completed the proof, or k4 < +1 , in which
case

maxfj xx,j, 1, :Yka[kg,Im—l] J

and hence we can repeat the argument.
Step ¢ 1: Repeating the previous argument, it follows
that for any 7 2 f1,2, ..., Ng the following holds:

k2 [kai, k2it1]
k2 [kaiy1, kaita] -

The proof follows by induction and (40) holds with

jTk] F(kwkp,, | k1))
Jz] ?(kwk[k% 1,k_1])

71(s) := maxf p1(s),7,(5)9;
/72(8) := maxf pQ(S)ﬂ72(8)77<8)7'/7\(s)g .

The proof of (41) is completed in a similar fashion. In
particular, if N is finite, then the last stage is zooming-
in and Lemma IV.7 guarantees that limsupy_, .. jTx]
vlimsupy_, jwgj. If N = 1, then we have already
proved that for & k2 we have jzyj  F(kwkp, | 5 1)
for £ 2 [k2i7k2i+1] and Jl‘kj ’/}/\(k’wk[k21 1,k71])g
for k 2 [koit1,koit2]- Hence, we can take v3(s) :=
maxf ys,7(s),7(s)g. Note that 3 is independent of 1y by
construction. (|



V. CONCLUSIONS

This paper is the first investigation of the problem of
achieving ISS with respect to completely unknown dis-
turbances for linear control systems with quantized state
measurements. We proposed a new quantized control design
methodology, which relies on multiple switchings between
the zooming-out and zooming-in stages. We described two
specific control strategies that achieve ISS. The first strategy
was implemented in continuous time, and its Lyapunov-
based analysis was an extension of the one from [8].
We highlighted the difficulties that arise in implementing
a similar strategy in the time-sampling context. We then
presented the second strategy which takes time sampling
into account, and analyzed it using a novel method which
is trajectory-based and utilizes a cascade structure of the
closed-loop hybrid system.

***PDragan: Should we include a paragraph on nonlinear
systems, along the lines below?

Although the results in this paper are limited to linear dy-
namics, it is possible to extend them to nonlinear dynamics.
The ingredients in this extension are similar to the ones used
in [8], and are as follows. First, we need to assume forward
completeness of the uncontrolled system, in order to have
upper bounds on the state expansion during the zooming-out
stage. Second, we need to assume that the state feedback law
makes the continuous dynamics ISS with respect to both the
quantization error and the disturbance (in the linear case this
is true for every stabilizing feedback). In the sampled-data
scenario, we would also need to have an exact discrete-time
model of the system. These assumptions are quite restrictive,
and the algorithm becomes less constructive, but conceptu-
ally the generalization is relatively straightforward. Other
topics for future work include: obtaining similar results for
“coarse” quantizers not satisfying conditions such as (13);
achieving other robustness properties besides ISS, such
as L, stability; and explicitly addressing robustness with
respect to time delays in the continuous-time framework.

APPENDIX
PROOFS OF THE TECHNICAL LEMMAS

Proof of Lemma IV.1: We have captured(tyg) = “no”.

As long as captured = “no”, the continuous dynamics
are given by & = Ax + Dd. Thus we have

t
z(t) = e +/ et Dd(s)ds .

to

A (very crude) upper bound for this is
jz(t)j el A1) (jzoj + KDKkdKy, ) - (72)

In the meantime, zoom-outs occur every To, units of time,
hence we have ju(to + kTow) = Q¥ 10, & = 0,1,.... In
view of (16), (72), and the boundedness of d, the values
w(to + kTow) grow faster than the largest values jzj can
attain on the intervals [to + kTou, to + (k + 1)Tou). But if
captured remains equal to “no”, then by (11) we have an
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infinite sequence of times kT, + 1, K = 0,1, ... at which
jgu(2)] > bowpr = (M A)p, hence jzj > (M 2A)p
by (3). We reach a contradiction, hence there exists a ¢;
at which the value of captured is switched to “yes”.
The existence of functions p, and p, with the indicated
properties follows from the previous calculations: every
value of jxoj + kDkkdK[;, ~) gives an upper bound for ¢y,
which in turn gives upper bounds for KzK;, ¢, and u(t1).

There is no discrete event at which the value
of captured would switch back to “no”, thus
captured(t) = “yes” for all ¢ t1. At t = t; we
must have jg, ()] foup” = (M  A)u~, hence (4)
implies that jx(t)] Mp~(t1) < Mu(ty). The inequality
jzj M p cannot become violated as a result of a zoom-out,
because zoom-outs increase the value of yu (here and later
we are also using continuity of x). It also cannot become
violated as a result of a zoom-in in view of (3), (4), (12), and
the definition of /i, in (17). Finally, the inequality jzj M u
cannot become violated along the continuous dynamics,
because if at some ¢t  t; we have jx(¢)] = Mu~(¢),
then (3) implies that jg, ()(z(t)] (M A)u~(t) =
Lowpt~ (t), hence by (10) and the definition of £y in (17) a
zoom-out occurs and we have jz(t)j < Mpu(t). O

Proof of Lemma 1IV.2: For t t1, we have
captured(t) = “yes” by Lemma IV.1, hence by (8) the
closed-loop system is

T =

Az + BKq,(x) + Dd = (A+ BK)z +
BKp (q(f) 3) +Dd.
© K

In view of (2), the derivative of V' along solutions satisfies

. I T T x T

V 2?2+ 2" PBKp (q(—) —) +4TPDd.

K ©

Using the last claim of Lemma IV.1 and (3), we obtain

1% j 2j®+ jzjk PBKKAu + jzjk PDKjdj
- j:cj(j:cj KPBKKAy kPijdj)

from which the statement follows. O

Proof of Lemma IV.3: The open ellipsoid R1(u(t)) is a
strict sublevel set of V', and (46) ensures that it contains the
ball

{:c tjxj  kKPBKKAp(t) + kPDkkdk[t)oo)} . (73)
Therefore, by Lemma IV.2 this ellipsoid is invariant with
respect to the continuous dynamics as long as p remains
constant. Moreover, R (u(t)) is contained in the ball fz :
jrj < (M 2A)u(t)g, in which a zoom-out cannot occur

because of (3) and the definition of £y, in (17). Thus the
first claim of the lemma is established.



To prove the second claim, define

Ro(p) = {fr V(@) < Amin(P) <Q

(M 2A) 2A>2u2}.

The ellipsoid Ro(u(t)) is contained in Rq(u(t)) and con-
tains the ball (73) if (47) holds. Applying Lemma IV.2,
we know that there exists a time ¢ ¢ at which z(f) 2
R2(p(t)), unless a zoom-in occurs earlier. Since Ro(u(t))
is also invariant and contained inside the ball

{x: jaj (Q %(M 2A) QA)u(t)}

we conclude from (3), (12), and the definition of ¢;, in (17)
that a zoom-in must happen prior to time ¢ + T},. O

Proof of Lemma IV4: Let ¢ > 0 be given. Find
a positive integer k such that i := QFEQuuuo satis-
fies Ry(f1) fz : jaj €g. Since +/Amin(P)(M
2A) > \/Amax(P)KPBKKA by virtue of (13), there
exists a 04 > 0 such that /Anin(P)(M  2A)a >

Amax(P)(KPBKKAR + kPDKég). Next, take a §, > 0
such that

7 = el ANTART) (5. 4 K Dksy)

satisfies jzj OF 1 upAg and  Amax(P)j7 <
Amin(P)(M  2A)f. Then the statement of the lemma
holds with ¢ := minfd,,d;9 and ty := to + 1. + kT,
Indeed, the previous inequalities guarantee the occurrence of
the capture event at time ¢o+1¢ (i.e., t1 = to+ 1) followed
by k zoom-ins at times tg + Tt + Tin, . .., to + Tc + KT,
while x satisfies & = Ax+Dd (because ¢, (x) = 0 thanks to
Assumption II.1) and hence remains in R1 (1) = R1(u(t2))
for t 2 [to, t2] due to (72). O
Proof of Lemma IV.5: We consider two cases. If k2,11
ko; = 1, then
jorl IR Tk, F vk k2 [k k2ia],  (74)

since j®j > 1. Suppose now that ko;+1  k2; > 1. In this

case we can write that with & := xy /u:

(I)Ikm + Wy,
Qoul [lu’kg»; + 1]

Moreover, we can also write for all k 2 [ko; + 1, k2i41 1]
that the following holds:

Dxy, + wy j®j i€ + Jw_kj
Qout [,uk + 1] Qoul 1225

This implies that for all k£ 2 [ko; + 1, ko2;+1] we have

j@ \ "
o () e

k—1 i®j k—1—3
T _72 (Q t) jvsi,

oul

Jq)”xkzlj +jwk2ij . (5

j§k2i+1j = ‘

I

(76)
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J—k2i O3

where v; := w;/p; and, since p; Y 1% Q5. we can
write o o
oo Jwy) Jw;)
jujj =2 o a7
i L

Using (75), the fact that j®j/Quy < 1 and that as j ! 1
we have v; | 0, we conclude that eventually we must have
i€k] Ui and, hence, ko;41  ko; 1 is bounded. Moreover,
we can write for some ¢ continuous nondecreasing and
bounded function that

koiv1  koi 1 SB(jgkzi'f‘ljukwk[k2i+1)k2i+1_1])

3 (181 o+ Jwd Kok, )
it Ky, oy, 1) (78)

Note that we can let ¢(0,0) = 0 since if zg,,+1 = 0,
then 1 = ko; 11 ko;. Hence, we can find @1, 2 2 K so
that (62) holds. Note also that there exist py, p2 2 Ko such
that for all k 2 [ko; + 1, k2;11] we have

Jord  JRIF TR T gy g + T R g

j@jkzi+1*k2ifljxk2_+1j+
|®|F2i+1 k20 2_q
[®]—1 kwk[k21+1,k2i+1—1]

s P Ty 11 D)2 i, . ; ;
jojt R T
‘¢Iw1(irk2i+1j)+w2 kwk[k2i+1,k2i+1 1] 2_1 Kk
] |<_I>\71 w [k2i+1,k2ip1—1]
P1 (JIk2i+1J) =+ pQ(kwk[k2i+1,k2¢+1—1]) :

(79)

Finally, using (74) and (79) we have that (63) holds. ([l

Proof of Lemma IV.6: Denote ky = 0 and note that Q_; =
Qout 18 used to initialize the system. Hence, we have

k2i+1—ka;

koiy1—kai
Hkaipr = Qot?lJrl * g Koy T Z Qout Qoue (80)

and

k2iy1—kai
+ E QOL“.

Q<P1+<P2+1 1

Ql+<P1+<P2‘uk_+ out

o 24
Qout 1
out

=Py (Mk2i7j‘rk2ij7 kwk[k2i7k2i+171]) :

— Ok2ir1—k2;
Hkojyr = Qom

O
Proof of Lemma IV.7: Note that for all k 2 [ko;11, k2it2]
we have by construction

. . X X
Jrel  Mpg; ’q (-k) -k
Mk Mk

and the system evolves according to

A,

Tht1 = ((I) + FK):Ek

+ T Ky, (q (ﬁ) x—k> + wy, (1)
Mk M

prt1 = Qinfls - (82)



This is a cascade of an ISS system and a GAS system and,
hence, the conclusion follows immediately. O
Proof of Lemma IV.8: In order to obtain the desired
bound, we consider two cases:
o Case l: jop,, ,j kwk
o Case 2: jTpy, ]

[k2it1,k2i+2—1]
kuw [k2it1,k2it2—1]"
Case 1: Let p; > 0 be arbitrary and introduce

Pm|iﬂk i I
i (geal)]
In Qin ’

*
T, = max

Hence, for all k& kg;41 + T, we have

o k— ko T,
1K) M,uk MQI(H : Jrl)lukarl Mﬂin Hkoiya
Pz ko ’xk2i+1 ’ = Xglc (Mk2i+17 Lhoit1 ’) :

On the other hand, using Assumption II.1 we have that there
exists L, such that jg(z)j Lgjzj for all z. Hence, for
k 2 [koit1, koiv1 + T2] we have that
o1 Hjze) +jwij,

with H := (j®] + JI'K]jL,), which implies that for all k 2
(k2it1, ki1 + Ty]

.. HT: 1 N

JTk) ﬁ "Tk?2i+1 ’ =i X2 (}xk2i+1 })
since Ty, ] kwk[k%+1 kaiya—1]- USINg arguments sim-
ilar to the proof of Theorem IIl.4 we conclude that there
exists x® (i, 8), with x*(u, ) 2 Ko for each fixed p > 0,
such that

k2 [koiy1,koiva) .

Case 2: The proof of this case follows exactly the same
steps as the proof of Case 1 with the following modification.
We let p,, > 0 be arbitrary and introduce

In pullwll lkoiq1-k2iq2 1]
M
0

In Qin ’

Jka XI(MkziJA 7jxk2i+1j)

* Pp—
T := max

With this change, we can conclude that there exists
X" (1, p), with x¥(u, ) 2 Koo for each fixed g > 0, such
that

jij Xw (:uk2i+1 ) kUJk[szl,kQHz—l])

The conclusion of the lemma follows by defining
P (py 8, p) == X" (1, 8) + x“ (1, p) and noting that x* and
x" are non-decreasing in . O

Proof of Lemma IV.9: The inequality 1 < N 1 follows
by definition of N. Note that by construction (see Corol-
lary II1.9), a zoom-out can occur after a zoom-in only if
there exists &* 2 [ko;41, k2;42 1] such that

A we |
Indeed, if A tjwgj  ps for all k during a zoom-in, then
we have from Corollary II1.9 that KCk = kwy /urk Ay,

k2 [k2i+1; k2i+2] .
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and hence jxij M puy for all k. Moreover, during a zoom-
in we have to have that jo ] Mpyux , we also have

A ' Mjwg | jak -
Using (65) with s = kg;12, t = k¥, we can obtain (67) with
F=KMAS ' +~v+ AL a
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