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Abstract

In this paper we focus on Gröbner bases over rings for the univariate
case. We identify a useful property of minimal Gröbner bases, that we
call the “predictable leading monomial (PLM) property”. The property is
stronger than “row reducedness” and is crucial in a range of applications.
The first part of the paper is tutorial in outlining how the PLM property
enables straightforward solutions to classical realization problems of linear
systems over fields. In the second part of the paper we use the ideas of [20]
on polynomial matrices over the finite ring Zpr (with p a prime integer
and r a positive integer) in the more general setting of Gröbner bases
and introduce the notion of “Gröbner p-basis” to achieve a predictable
leading monomial property over Zpr . This theory finds applications in
error control coding over Zpr . Through this approach we are extending
the ideas of [20] to a more general context where the user chooses an
ordering of polynomial vectors.

1 Introduction

Gröbner bases have proved useful tools for dealing with polynomial vectors,
with applications particularly in multidimensional system theory. These appli-
cations range from controller design to minimal realization of linear systems
over fields. Fundamental linear algebraic results on polynomial matrices over
fields can be elegantly achieved via the theory of Gröbner bases [1, 4]. In par-
ticular, the wellknown Smith-McMillan form as well as the Wiener-Hopf form
(“row reducedness”) can be achieved. Using the theory of Gröbner bases these
are two sides of the same coin, obtained by choosing a different ordering for
polynomial vectors [11, 35].

In [39, 2, 33, 24, 15, 23, 21] a behavioral approach is adopted to solve realization
problems over a field. In the first tutorial part of this paper we demonstrate, by
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way of example, how univariate Gröbner theory is used to arrive at a straightfor-
ward solution of these problems. More specifically, we illustrate in Example 3.4
that the minimal partial realization problem of [24] boils down to the construc-
tion of a minimal Gröbner basis G for the module B⊥ of the “partial impulse
behavior”. In fact, the vectors of the basis G give rise to a kernel representation
of B from which all minimal partial realizations are parametrized. In a different
application, we illustrate in Example 3.3 how minimal Gröbner bases are used
for minimal state space realization by inspection. As illustrated in Examples 3.3
and 3.4, minimal partial realizations over finite fields as well as minimal state
space realizations over finite fields are relevant to coding theoretic applications,
such as minimal trellis construction for convolutional codes over finite fields and
decoding of Reed-Solomon block codes over finite fields.

Motivated by coding applications, recent papers [19, 17, 18] consider behaviors
over the finite ring Zpr , where p is a prime integer and r is a positive integer. In
these papers the theory of [20] is put to work to extend the above two problems
to systems over the ring Zpr . Note that the ring Zpr has zero divisors which
prevents us to rely on the normal workings of linear algebra. In this paper we
use some of the ideas of [20] to arrive at a more general theory based on Gröbner
bases.

For univariate polynomial matrices over a field F it is wellknown that the concept
of row reducedness is alternatively formulated in terms of the predictable-degree
property (terminology from [7]), which is defined below. Recall that the row
degree of a row polynomial vector is defined as the maximum of the degrees of
its components.

Definition 1.1 Let R be a matrix in F
m×q[x] with row degrees d1, . . . , dm. Then

R is said to have the predictable-degree property if for any nonzero polyno-
mial vector

a =
[

a1 a2 · · · am

]

in F
m[x]

we have that
row degree of aR = max

1≤i≤m
(di + deg ai).

Thus the row degree of aR can be predicted from the degrees in a and the
row degrees of R. For the field case it is proven in [38, 7] and in [14, Thm
6.3-13] that the above property is equivalent to the property that the leading
row coefficient matrix of R has full row rank, i.e., that R is row reduced. It
is wellknown (see also below) that minimal Gröbner bases over fields give rise
to row reducedness and thus possess the predictable degree property. This
makes them useful for many areas of system theory, ranging from controller
parametrization to minimal realizations of linear systems over fields [4, 26, 27,
29, 30, 40, 41]. Below, we identify the “predictable leading monomial property”
as the Gröbner notion that is stronger than the predictable degree property and
thus row reducedness. We generalize this property to systems over the finite
ring Zpr which opens up many applications in coding theory involving codes
over Zpr , see also [5, 28].

There are several advantages to the Gröbner approach. Firstly, it offers flexibil-
ity through the choice of ordering of monomials. This make it possible to derive
several dual results at once. In essence, the paper extends the ideas of [20] to
different orderings. Secondly, the approach offers scope for extension to other
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areas where Gröbner bases are a standard tool, such as multidimensional sys-
tems. Finally, a third advantage of the Gröbner approach is that computational
packages are available to compute a minimal Gröbner basis over Zpr , such as the
Singular computer algebra system [10]. A preliminary version of this paper
is [22].

2 Preliminaries on Gröbner bases

In this section we introduce Gröbner bases for the univariate case. There are
several textbooks that give a good introduction to Gröbner bases. We choose
the textbook [1] as our guide since it is general enough to include the ring case,
see also [3, 4, 31]. Since we only consider the univariate case we only need a
limited set of preliminaries. However, we stress that the univariate case is not
a trivial instance of Gröbner theory. Many of the essential deeper features of
the theory are already present in the univariate case. In this paper we focus on
properties of Gröbner bases rather than construction of Gröbner bases. More
specifically, we explicitly identify some crucial properties of minimal Gröbner
bases. For more details on construction the reader is referred to [1, 31, 3].

Recall that a ring is called a noetherian ring if all of its ideals are finitely
generated. A principal ideal ring, such as F[x], where F is a field, is a trivial
example of a noetherian ring. Another example of a noetherian ring is the ring
Zpr [x], where p is a prime integer and r is a positive integer.
Let us first present some preliminaries on polynomials and polynomial vectors
with coefficients in a ring R. Throughout this paper we assume that R[x] is a
noetherian ring.

Definition 2.1 The degree of a nonzero polynomial f ∈ R[x], written as
f(x) = f0 + f1x + . . . + fnxn, is defined as

deg (f) = max
0≤i≤n

{i | fi 6= 0}.

The coefficient of the term xdeg(f) in f(x) (i.e., fdeg f ) is called the leading
coefficient of f .

The concepts of “degree” and “leading coefficient” for polynomials in R[x] can
be extended to polynomial vectors in Rq[x], as follows. Let e1, . . . , eq denote
the unit vectors in Rq. The elements xα ei with i ∈ {1, . . . , q} and α ∈ N0 are
called monomials. Several orderings can be defined on these monomials; in our
univariate context we consider two possible orderings adopting the terminology
of [1]:

• The Term Over Position (TOP) ordering, defined as

xαei < xβej :⇔ α < β or (α = β and i > j).

• The Position Over Term (POT) ordering, defined as

xαei < xβej :⇔ i > j or (i = j and α < β).
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Clearly, whatever ordering is chosen, every nonzero element f ∈ Rq[x] can be
written uniquely as

f =

L
∑

i=1

ciXi,

where L ∈ N, the ci’s are nonzero elements of R for i = 1, . . . , L and the
polynomial vectors X1, . . . , XL are monomials, ordered as X1 > · · · > XL.
Using the terminology of [1] we define

• lm(f) := X1 as the leading monomial of f

• lt(f) := c1X1 as the leading term of f

• lc(f) := c1 as the leading coefficient of f

Writing X1 = xα1ei1 , where α1 ∈ N0 and i1 ∈ {1, . . . , q}, we define

• lpos(f) := i1 as the leading position of f

• deg(f) := α1 as the degree of f .

Note that for the TOP ordering the degree of f equals the highest degree of its
nonzero components in R[x], whereas for the POT ordering it equals the degree
of the first nonzero component. Further, for the POT ordering the leading
position of f is the position of the first nonzero component, whereas for the TOP
ordering the leading position of f is the position of the first nonzero component
of highest degree. It is easily verfied that the next lemma holds irrespective of
whether TOP or POT ordering is used.

Lemma 2.2 Let f1, f2, . . . , fm be nonzero vectors in Rq[x] with distinct leading
monomials, ordered accordingly as f1 > f2 > · · · > fm. Then

lt(f1 + f2 + · · · + fm) = lt(f1).

There are several ways to define Gröbner bases, here we adopt the definition
of [1] which requires us to first define the concept of “leading submodule”. Below
we denote the submodule generated by a polynomial vector f by 〈f〉.

Definition 2.3 Let G be a subset of Rq[x]. Then the submodule L(G) ⊆ Rq[x],
defined as

L(G) := 〈lt(g) | g ∈ G〉

is called the leading submodule of G.

For example, for q = 2, let G = {
[

x2 x3
]

}. Using TOP we obtain L(G) =

〈
[

0 x3
]

〉, whereas using POT we get L(G) = 〈
[

x2 0
]

〉.

Definition 2.4 Let M ⊆ Rq[x] be a module and G ⊆ M . Then G is called a
Gröbner basis of M if

L(G) = L(M).

Thus, the leading terms of the vectors in G generate the leading terms of all
vectors in M . It is wellknown [1, Corollary 4.1.7] that a Gröbner basis exists
for any module in Rq[x]. In general, it can be shown that a Gröbner basis G

of a module M generates M , see also Lemma 2.8 below. Note, however that
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vice versa not every generating set qualifies as a Gröbner basis. For example,
in Z2[x], consider the module M = 〈x, x + 1〉 = Z2[x]. The set G = {x, x + 1}
is not a Gröbner basis for M since L(G) = 〈x〉 6= L(M). It is easily verified
that for the case that R is a field and q = 1, any set that contains the generator
polynomial of M is a Gröbner basis of M . A further observation is that, despite
the suggestive terminology, a Gröbner basis is generally not a basis. Thus, any
element of M can be written as a linear combination of elements of G but the
coefficients in this linear combination are not necessarily unique. The following
lemma follows immediately from Definition 2.4.

Lemma 2.5 Let M be a submodule of Rq[x] with Gröbner basis {g1, . . . , gm}
and let 0 6= f ∈ M . Then there exist α1, . . . , αs ∈ N0 and c1, . . . , cs ∈ R with
s ∈ {1, . . . , m} such that

• lm(f) = xαi lm(gji
) for i = 1, . . . , s and

• lt(f) = c1x
α1 lt(gj1) + · · · + csx

αs lt(gjs
).

Note that the gji
’s of the above lemma all satisfy lpos(gji

) = lpos(f) and
lm(gji

) ≤ lm(f). The above lemma inspires the next definition.

Definition 2.6 ([1]) Let f ∈ Rq[x] and let F = {f1, . . . , fs} ⊆ Rq[x]. Let
α1, . . . , αs ∈ N0 and let c1, . . . , cs be elements of R such that

1. lm(f) = xαi lm(fi) for i = 1, . . . , s and

2. lt(f) = c1x
α1 lt(f1) + · · · + csx

αs lt(fs).

Define
h := f − (c1x

α1f1 + · · · + csx
αsfs).

Then we say that f reduces to h modulo F and we write

f
F
−→ h.

If f cannot be reduced modulo F , we say that f is minimal with respect to F .

Lemma 2.7 Let f , h and F be as in the above definition. If f
F
−→ h then

lm(h) < lm(f).

Proof From property 1) of Definition 2.6 it follows that property 2) of Defini-
tion 2.6 translates into

lt(f) = c1x
α1 lt(f1) + · · · + csx

αs lt(fs)

= lt(c1x
α1f1 + · · · + csx

αsfs).

From this, it immediately follows that

lm(h) = lm(f − (c1x
α1f1 + · · · + csx

αsfs)) < lm(f).

�

The next lemma is a corollary of Lemma 2.7 that will prove useful in the sequel.
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Lemma 2.8 Let M be a submodule of Rq[x] with Gröbner basis G and let
0 6= f ∈ M . Then

f ∈ 〈g ∈ G | lm(g) ≤ lm(f)〉.

Proof Define h0 := f . By Lemma 2.5 there exists

h1 := f − (c1x
α1gj1 + · · · + csx

αsgjs
),

such that lm(gji
) ≤ lm(h0) for 1 ≤ i ≤ s and h0

G
−→ h1. If h1 = 0 then we are

done. If not, repeatedly apply Lemma 2.5 to hi, yielding hi+1 for i = 1, 2, . . ..
By Lemma 2.7 we have that lm(hi+1) < lm(hi) for i = 0, 1, 2, . . .. As a result,
there exists an integer N such that hN = 0. Then

hN−1 ∈ 〈g ∈ G| lm(g) ≤ lm(hN−1)〉.

By construction, then also hi ∈ 〈g ∈ G| lm(g) ≤ lm(hi)〉 for i = 0, . . . , N − 1
(use induction). Since h0 = f this proves the lemma. �

Definition 2.9 ([1]) A Gröbner basis G is called minimal if all its elements
g are minimal with respect to G\{g}.

It is wellknown [1, Exercise 4.1.9] that a minimal Gröbner basis exists for any
module in Rq[x]. For example, for the case that R is a field and q = 1, the gen-
erator polynomial of M constitutes a minimal Gröbner basis of M . In general,
a minimal Gröbner basis G = {g1, . . . , gm} has the convenient property that all
leading monomials of the gi’s are different (otherwise we can reduce them) so
that the gi’s can be ordered accordingly.

3 The field case

In this section we limit our attention to the case that R is a field. It is well-
known that Gröbner bases are useful for various applications over fields, in-
cluding univariate applications. In this section we attribute this usefulness to
a particular property of minimal Gröbner bases that we label the “Predictable
Leading Monomial (PLM)” property. We consider two particular applications
and show, in a tutorial kind of way, how the PLM property is useful for these
applications.

As mentioned above, the elements of a minimal Gröbner basis G in Rq[x] can
be ordered according to their respective leading monomials. Since R is a field
this implies that all leading positions of elements of G are distinct, so that G

has at most q elements. In fact, it is easily seen that the elements are linearly
independent, that is, a minimal Gröbner basis is a basis, see also the proof
of Theorem 3.2 below. More specifically, when the POT ordering is used, a
minimal Gröbner basis of a module M corresponds to a full row rank upper
triangular generator matrix for M . When the TOP ordering is used, a minimal
Gröbner basis {g1, g2, . . . , gm} of a module M corresponds to a matrix







g1(x)
...

gm(x)






= diag (xdeg g1 , . . . , xdeg gm)B(x),

6



where B(x) is a proper rational matrix such that B(∞) is upper triangular and of
full row rank. It should be noted that the upper triangularity is crucial—without
this requirement the matrix is called row reduced in the literature. Clearly, the
row vectors of a row reduced matrix do not necessarily constitute a minimal
Gröbner basis. For example, for q = 2 and R = Z2 consider

G(x) =

[

x x

x2 0

]

.

This matrix is clearly row reduced since G(x) = diag (x, x2)B(x) with

B(∞) =

[

1 1
1 0

]

.

However, the row vectors of G(x) do not constitute a minimal Gröbner basis
for their span, since the second row vector can be reduced modulo the first row
vector, yielding

[

x2 0
]

− x [x x] =
[

0 x2
]

.

Focusing on the case that R is a field, in the next theorem we identify an
important property of a minimal Gröbner basis. We first introduce the following
terminologies.

Definition 3.1 Let R be a field. Let M be a submodule of Rq[x] and let F =
{f1, . . . , fs} ⊆ M . Then F has the Predictable Degree (PD) property if for
any 0 6= f ∈ M , written as

f = a1f1 + · · · + asfs, (1)

where a1, . . . , as ∈ R[x], we have

deg(f) = max
1≤i≤s

(deg(ai) + deg(fi)).

Next, F is said to have the Predictable Leading Position (PLP) property
if

lpos(f) = max
1≤i≤s;ai 6=0

lpos(fi).

Finally, F is said to have the Predictable Leading Monomial (PLM) prop-
erty if

lm(f) = max
1≤i≤s;ai 6=0

(lm(ai) lm(fi)). (2)

Note that the PD property is well established in the literature, see [7] where it
was first introduced. Above we defined the PLM property as a more general
and stronger concept that is natural for minimal Gröbner bases. It can be easily
verified that the PLM property holds if and only if both the PD property and
the PLP property hold. As we shall see below, in applications such as minimal
state space realization the PD property suffices whereas an application such as
minimal partial realization/interpolation requires the PLM property.

Theorem 3.2 Let R be a field. Let M be a submodule of Rq[x] with mini-
mal Gröbner basis G. Then G has the Predictable Leading Monomial (PLM)
property. In particular, G is a basis of M .
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Proof Write G = {g1, . . . , gm}. Since G is minimal we may assume that g1 >

g2 > · · · > gm. Let f = a1g1 + · · · + amgm. For simplicity of notation we
assume that ai is nonzero for 1 ≤ i ≤ m. Since R is a field we have that
lpos(aigi) = lpos(gi) for 1 ≤ i ≤ m. Also, all leading positions of the gi’s are
distinct, otherwise we can reduce. As a result, all leading monomials of the
aigi’s are distinct. Thus there exists an ordering

aj1gj1 > aj2gj2 > · · · > ajm
gjm

.

It now follows from Lemma 2.2 that

lm(f) = lm(aj1gj1) = lm(aj1) lm(gj1) = max
1≤i≤m

(lm(ai) lm(gi)),

which proves the PLM property. Finally, to prove that G is a basis of M , first
observe that G generates M by Lemma 2.8. Also, it follows immediately from
the PLM property that any nontrivial linear combination of vectors from G has
to be nonzero. We conclude that G is a basis of M . �

Note that in the Gröbner basis literature [1, Thm 1.9.1] a weaker property is
usually presented that shows that for any f ∈ M there exist a1, . . . , am such
that lm(f) = max1≤i≤m(lm(ai) lm(gi)). A Gröbner basis that possesses this
weaker property is called a “strong Gröbner basis” in [28]. From the above it is
easy to see that the concepts of “minimal Gröbner basis” and “minimal strong
Gröbner basis” coincide for the field case. In the next section we see that the
same is true for the ring case R = Zpr .

The next two examples show two applications over fields where the PD property
and the PLM property are useful.

Example 3.3 : Using minimal Gröbner bases for minimal state space
realization—convolutional coding application
Conform [33, 34, 9], a finite support binary convolutional code of length n is de-
fined as a submodule of Z

n
2 [x]. Consider the finite support binary convolutional

code C of length 3 given by the encoder

E(x) =

[

x2 + 1 1 0
x 0 1

]

.

A Viterbi decoder for C = im E(x) is based on a socalled “trellis representation”

of C, which is essentially a state space realization E(x) = B(x−1I − A)
−1

C +D,
see [12, 13, 9]. The need for low complexity decoding motivates the use of a
trellis representation where the matrix A is of minimal size. In this example a
minimal Gröbner basis for the module C is given by G = {g1, g2}, where

g1(x) =
[

x 0 1
]

and g2(x) =
[

1 x x
]

.

Thus

Ẽ(x) =

[

x 0 1
1 x x

]

.

is also an encoder for C; its controller canonical realization (A, B, C, D) is given
by inspection as

A =

[

0 0
0 0

]

, B =

[

1 0
0 1

]

, C =

[

1 0 0
0 1 1

]

, D =

[

1 1 0
0 0 1

]

.
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Note that the size of A equals the sum of the row degrees of Ẽ(x). Because of
the PLM property of G (or actually the PD property), there exists no encoder
of C whose sum of row degrees is smaller than 2. For this reason (A, B, C, D) is
a minimal state space realization and the corresponding trellis representation is
also minimal. Note that the matrix C is upper triangular because of the PLM
property.

Example 3.4 : Using minimal Gröbner bases for parametrization of
all shortest linear recurrence relations
Consider the sequence S0, S1, S2, S3, S4 = 1, 4, 3, 3, 2 over the field Z5. A poly-
nomial d(x), written as d(x) = xL +dL−1x

L−1 + · · ·+d1x+d0, is called a linear
recurrence relation of length L for S0, S1, S2, S3, S4 if

SL+j +

L
∑

i=1

dL−iSL+j−i = 0 for j = 0, . . . , 5 − L − 1. (3)

Defining the partial impulse response trajectory b on the time-axis Z+ as

b =

([

S0

0

]

,

[

S1

0

]

,

[

S2

0

]

,

[

S3

0

]

,

[

S4

0

]

,

[

0
1

]

,

[

0
0

]

, . . .

)

, (4)

we can reformulate (3) as [d(σ) − h(σ)] b = 0, where h(x) is a polynomial of
degree ≤ L and σ is the backward shift operator, acting on trajectories w on
Z+ as (σw)(k) = w(k + 1). A linear recurrence relation for S0, S1, S2, S3, S4

thus corresponds to a kernel representation

[d(σ) − h(σ)] w = 0

whose behavior includes the socalled partial impulse response behavior

B := span {b, σb, σ2b, , . . . , σ5b}, (5)

where b is defined by (4). The search for shortest linear recurrence relations now
translates into a search for an annihilator [d(σ) − h(σ)] w = 0 for B that has
minimal row degree and satisfies deg h ≤ deg d. Next, define the polynomial
S(x) as

S(x) := S0x
5 + S1x

4 + S2x
3 + S3x

2 + S4x, (6)

and consider the module M spanned by
[

1 −S(x)
]

and
[

0 x6
]

.
Clearly, these two polynomial vectors are linearly independent annihilators of
B and thus M essentially consists of all annihilators of B. It is not difficult to
see that any minimal Gröbner basis for M must consist of 2 vectors. Exactly
one of these vectors has leading position 1. Because of the PLM property this
vector yields a shortest linear recurrence relation. In this example a minimal
Gröbner basis for M is given by G = {g1, g2}, where

g1(x) =
[

2x + 2 x4 − 2x3 + x
]

and g2(x) =
[

x2 − 3x − 1 4x2 − 3x
]

.

It follows that x2−3x−1 is a shortest linear recurrence relation for the sequence
1, 4, 3, 3, 2. Even stronger, it follows from the PLM property that a parametriza-
tion of all shortest linear recurrence relations for the sequence 1, 4, 3, 3, 2 is given
by

d(x) = x2 − 3x − 1 + θ(2x + 2), where θ ∈ Z5.

The reader is also referred to [6, 25] where Gröbner bases are employed for
similar problems.
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An interesting observation is that Theorem 3.2 fails in a multivariate context.
Indeed, consider the module M = 〈x2y, xy2〉 in Z2[x, y]. It can be verified that
{x2y, xy2} is a minimal Gröbner basis of M . However, the element x2y2 ∈
M can be generated in two different ways, namely x2y2 = x · xy2, but also
x2y2 = y · x2y. Thus, a minimal Gröbner basis is not necessarily a basis in the
multivariate context. In the literature this difficulty is solved via the notion of
“Janet bases” [8, 32].

In our univariate context Theorem 3.2 fails when R is not a field. Indeed,
consider the module M :=< x + 1, 2 > in Z4[x]. The set {x + 1, 2} is a minimal
Gröbner basis for M . However, the element 2 ∈ M can be generated in two
different ways, namely 2 = 0 · (x+1)+1 ·2, but also 2 = 2 · (x+1)+x ·2. Thus,
a minimal Gröbner basis is not necessarily a basis in the ring case and does not
necessarily have the PLM property. In this paper we are interested in solving
this difficulty for the special case that R is a ring of the type Zpr . For this we
seek to make use of the special structure of Zpr . Preliminaries are presented in
the next section.

4 The ring case

4.1 Preliminaries on Zpr

A set that plays a fundamental role throughout this paper is the set of “digits”,
denoted by Ap = {0, 1, . . . , p − 1} ⊂ Zpr . Recall that any element a ∈ Zpr

can be written uniquely as a = θ0 + pθ1 + · · · + pr−1θr−1, where θℓ ∈ Ap for
ℓ = 0, . . . , r − 1 (p-adic expansion).

Next, an element a in Zpr is said to have order k if the additive subgroup
generated by a has pk elements. Elements of order r are called units. Thus the
elements 1, p, p2, . . . , pr−1 have orders r, r − 1, r − 2, . . . , 1, respectively. In this
paper we extend the notion of ”order“ to polynomial vectors as follows.

Definition 4.1 The order of a nonzero polynomial vector f ∈ Rq[x], is defined
as the order of lc(f), denoted as ord (f).

To deal with the zero divisors occurring in Zpr it is useful to use notions of
“p-linear dependence” and “p-generator sequence”, first introduced for modules
in Z

q
pr in [37]. These notions are based on the p-adic expansion property of Zpr ,

which expresses a type of linear independence among the elements 1, p, ..., pr−1.
The notions presented below are for polynomial vectors; they are extensions
of [37], first presented in [20]. In this paper we explore the relationship between
the notion of “minimal Gröbner basis” and the notion of “p-basis”.

Definition 4.2 ([20]) Let {v1, . . . , vN} ⊂ Z
q
pr [x]. A p-linear combination

of v1, . . . , vN is a vector

N
∑

j=1

ajvj , where aj ∈ Zpr [x] is a polynomial with co-

efficients in Ap for j = 1, . . . , N . Furthermore, the set of all p-linear com-
binations of v1, . . . , vN is denoted by p-span(v1, . . . , vN ), whereas the set of
all linear combinations of v1, . . . , vN with coefficients in Zpr [x] is denoted by
span (v1, . . . , vN ).
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Definition 4.3 ([20]) An ordered sequence (v1, . . . , vN ) of vectors in Z
q
pr [x] is

said to be a p-generator sequence if p vN = 0 and p vi is a p-linear combina-
tion of vi+1, . . . , vN for i = 1, . . . , N − 1.

Theorem 4.4 ([20]) Let v1, . . . , vN ∈ Z
q
pr [x]. If (v1, . . . , vN ) is a p-generator

sequence then
p−span (v1, . . . , vN ) = span (v1, . . . , vN ).

In particular, p−span (v1, . . . , vN ) is a submodule of Z
q
pr [x].

All submodules of Z
q
pr [x] can be written as the p-span of a p-generator sequence.

In fact, if M = span (g1, . . . , gm) then M is the p-span of the p-generator
sequence (g1, pg1, . . . , p

r−1g1, . . . , gm, pgm, . . . , pr−1gm).

Definition 4.5 ([20]) The vectors v1, . . . , vN ∈ Z
q
pr [x] are said to be p-linearly

independent if the only p-linear combination of v1, . . . , vN that equals zero is
the trivial one.

Definition 4.6 Let M be a submodule of Z
q
pr [x], written as a p-span of a p-

generator sequence (v1, · · · , vN ). Then (v1, · · · , vN ) is called a p-basis of M if
the vectors v1, . . . , vN are p-linearly independent in Z

q
pr [x].

Lemma 4.7 ([20]) Let M be a submodule of Z
q
pr [x] and let (v1, v2, · · · , vN ) be

a p-basis of M . Then each vector of M is written in a unique way as a p-linear
combination of v1, . . . , vN .

The following definition adjusts the PLM property, introduced for the field case
in Definition 3.1, to the specific structure of Zpr . It extends the p-predictable
degree property introduced in [20] to a stronger property that will prove useful
in the sequel.

Definition 4.8 Let M be a submodule of Z
q
pr [x] and let F = {f1, . . . , fs} ⊆ M .

Then F has the p-Predictable Degree (p-PD) property if for any 0 6= f ∈
M , written as

f = a1f1 + · · · + asfs, (7)

where a1, . . . , as ∈ Ap[x], we have

deg(f) = max
1≤i≤s

(deg(ai) + deg(fi)).

Next, F is said to have the p-Predictable Leading Position (p-PLP) prop-
erty if

lpos(f) = max
1≤i≤s;ai 6=0

lpos(fi).

Finally, F is said to have the p-Predictable Leading Monomial (p-PLM)
property if

lm(f) = max
1≤i≤s;ai 6=0

(lm(ai) lm(fi)).

Note that in the above definition ai ∈ Ap[x] rather than ai ∈ R[x] as in Defini-
tion 3.1. In analogy with the field case it is easily seen that the p-PLM property
holds if and only if both the p-PD property and the p-PLP property hold.
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4.2 Main result

As noted before, a minimal Gröbner basis G = {g1, . . . , gm} has the convenient
property that its elements can be ordered as g1 > · · · > gm since their leading
monomials are distinct. Unlike the field case, a minimal Gröbner basis of a
module in Z

q
pr [x] is not a basis. In fact, the leading positions of its elements are

not necessarily distinct. We have the following lemma.

Lemma 4.9 Let M be a submodule of Z
q
pr [x] with minimal Gröbner basis G =

{g1, . . . , gm}, ordered as g1 > · · · > gm. Let j < i be such that lpos(gj) =
lpos(gi). Then deg gj > deg gi and ord (gj) > ord (gi). In particular, m ≤ qr.

Proof Since lpos(gj) = lpos(gi) and gj > gi we must have that deg(gj) >

deg(gi), regardless of whether the TOP ordering or the POT ordering of mono-
mials is used. It then follows that ord (gj) > ord (gi), otherwise gj could be
reduced by gi and this would contradict the fact that G is a minimal Gröbner
basis. This proves the main result of the lemma. Since there are only r values
of ord (gi) possible, it also follows that m ≤ qr. �

As a result of the previous lemma we can define a sequence of ”order differences“
as follows.

Definition 4.10 Let M be a submodule of Z
q
pr [x] with minimal Gröbner basis

G = {g1, . . . , gm} ordered as g1 > · · · > gm. For 1 ≤ j ≤ m define

βj := ord (gj) − ord (gi),

where i is the smallest integer > j with lpos(gi) = lpos(gj). If i does not exist we
define βj := ord (gj). The sequence (β1, . . . , βm) ∈ N

m is called the sequence
of order differences of G.

The next theorem shows that the natural ordering of elements of a minimal
Gröbner basis yields a p-generator sequence property. Note that the theorem
holds irrespective of whether the TOP or the POT ordering of monomials is
used.

Theorem 4.11 Let M be a submodule of Z
q
pr [x] with minimal Gröbner basis

G = {g1, . . . , gm}, ordered as g1 > · · · > gm. Let (β1, . . . , βm) be the sequence
of order differences of G as per Definition 4.10. Then

(g1, pg1, · · · , pβ1−1g1, g2, pg2, · · · , pβ2−1g2, · · · , gm, pgm, · · · , pβm−1gm) (8)

is a p-generator sequence whose p-span equals M .

Proof We first prove that (8) satisfies Definition 4.3. By definition βm =
ord (gm), so that

lm(pβmgm) < lm(gm). (9)

Suppose pβmgm 6= 0, then according to Lemma 2.5 there exists gi ∈ G such
that lm(gi) ≤ lm(pβmgm). But then (9) implies that lm(gi) < lm(gm) which
contradicts g1 > · · · > gm. We conclude that

pβmgm = 0. (10)
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To prove that (8) satisfies Definition 4.3 it now obviously remains to prove that
for 1 ≤ j ≤ m − 1,

pβj gj is a p-linear combination of gj+1, gj+2, . . . , gm. (11)

For this, we first prove that pβjgj is a linear combination of gj+1, gj+2, . . . , gm.
We distinguish two cases:
case I

βj = ord gj . Then lm(pβj gj) < lm(gj), so that, by Lemma 2.8, pβjgj

is a linear combination of gj+1, gj+2, . . . , gm.

case II

βj < ord gj, so that lm(pβj gj) = lm(gj). By definition, there exists
a smallest integer i > j with lpos(gi) = lpos(gj) and βj = ord(gj)−
ord(gi). Observe that then ord(pβj gj) = ord(gi) and deg(pβj gj) =
deg(gj) > deg(gi) (use Lemma 4.9), whereas lpos(pβj gj) = lpos(gj) =
lpos(gi). Thus we can find a ∈ Zpr [x] such that lt(pβj gj) = lt(agi).
As a result, lm(pβj gj −agi) < lm(pβj gj) = lm(gj). Consequently, by
Lemma 2.8, pβj gj −agi is a linear combination of gj+1, gj+2, . . . , gm.
Since i > j it follows that pβj gj is also a linear combination of
gj+1, gj+2, . . . , gm.

Thus for 1 ≤ j ≤ m − 1

pβj gj is a linear combination of gj+1, . . . , gm. (12)

Finally, we prove by induction that (11) holds for 1 ≤ j ≤ m−1. For j = m−1
this follows from (10) and the fact that pβm−1gm−1 is a multiple of gm because
of (12). Now suppose that (11) holds for j = j0 ∈ {1, . . . , m− 1}. Consider the
vector pβj0−1gj0−1. By (12) there exist aj0 , . . . , am ∈ Zpr [x] such that

pβj0−1gj0−1 = aj0gj0 + · · · + amgm.

Now use the p-adic decomposition to write

aj0 = a0
j0

+ pa1
j0

+ · · · + pr−1ar−1
j0

,

where ai
j0

∈ Ap[x] for 0 ≤ i ≤ r − 1. Repeatedly using the induction hypothesis
it follows that

pβj0−1gj0−1 = a0
j0

gj0 + p-linear combination of gj0+1, . . . , gm.

This proves that (11) holds for j = j0 − 1, so that, by induction, (8) is a
p-generator sequence.

To prove that its p-span equals M , we first note that, by Lemma 2.8, any element
of M can be written as a linear combination of g1, g2, . . . , gm. Using a similar
reasoning as above this can be alternatively written as a p-linear combination
of the vectors in (11). �

The next lemma follows immediately from Definition 4.10.

13



Lemma 4.12 Let M be a submodule of Z
q
pr [x] with minimal Gröbner basis

G = {g1, . . . , gm}, ordered as g1 > · · · > gm. Let (β1, . . . , βm) be the sequence
of order differences of G as per Definition 4.10 and let N = β1 + β2 + · · ·+ βm.
Let (v1, . . . , vN ) be the p-generator sequence given by (8). Then for any i, j ∈
{1, . . . , N} with i 6= j we have

lpos(vi) = lpos(vj) ⇒ ord(vi) 6= ord(vj).

The next theorem presents our main result.

Theorem 4.13 Let M , (β1, . . . , βm) and {v1, . . . , vN} be defined as in the pre-
vious lemma. Then {v1, . . . , vN} has the p-PLM property.
In particular, (v1, . . . , vN ) is a p-basis of M and the p-dimension of M is given
by

N = β1 + β2 + · · · + βm.

Proof Let
f = a1v1 + · · · + aNvN (13)

with a1, . . . , aN ∈ Ap[x]. For simplicity of notation we assume that ai is nonzero
for 1 ≤ i ≤ N . Let us first examine two special cases:
Special case I

All gi’s have distinct leading positions. Then the proof is analogous
to the field case, i.e., the proof of Theorem 3.2.

Special case II

All gi’s have the same leading position. Then all vi’s also have the
same leading position. By Lemma 4.12 their orders are all different.
Now observe that ord(aivi) = ord(vi) for 1 ≤ i ≤ N since ai ∈ Ap[x].
Thus all aivi’s have different orders. In particular, all aivi’s of largest
degree have different orders, so that their leading coefficients add up
to a nonzero element of Zpr (use the p-adic decomposition). This
implies that the p-PLM property holds.

Let us now consider the general case. By grouping together all vectors aivi of
the same leading position we write

f = f1 + f2 + · · · + fq,

where fi = 0 if position i is not used in (13). As in Special case II above it can
be shown that lpos(fi) = i whenever fi 6= 0. As a result, the nonzero fi’s can
be ordered and Lemma 2.2 yields

lt(f) = lt(fj) (14)

for some nonzero fj with j ∈ {1, . . . , q}. Recall that fj is defined as the sum of
all vectors in the right hand side of (13) that have leading position j. It now
follows from Special case II above that there exists ℓ ∈ {1, . . . , N} such that
lm(fj) = lm(aℓ) lm(vℓ). As a result, by equation (14),

lm(f) = lm(aℓ) lm(vℓ). (15)
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Evidently lm(f) ≤ max1≤i≤N ;ai 6=0(lm(ai) lm(fi)) so that (15) implies that equal-
ity holds. This proves the p-PLM property.

Finally, to prove that (v1, . . . , vN ) is a p-basis for M , first observe that p-
span (v1, . . . , vN ) = M by Theorem 4.11. Also, it follows immediately from
the p-PLM property that any nontrivial p-linear combination of vectors in
{v1, . . . , vN} has to be nonzero. We conclude that (v1, . . . , vN ) is a p-basis
of M , so that N = p−dim (M) = β1 + β2 + · · · + βm. �

It follows from the above theorem that a minimal Gröbner basis G of a submod-
ule of Z

q
pr [x] is a minimal strong Gröbner basis in the terminology of [28]. Our

theorem above goes one step further in showing how, by restricting coefficients,
G gives rise to a set that has the attributes of a basis.

Definition 4.14 Let M be a submodule of Z
q
pr [x] with minimal Gröbner basis

G = {g1, . . . , gm}, ordered as g1 > · · · > gm. Let (β1, . . . , βm) be the sequence
of order differences of G as per Definition 4.10. Let (v1, v2, . . . , vN ) be the p-
generator sequence given by (8). Then (v1, v2, . . . , vN ) is called a Gröbner
p-basis for M .

Note that if TOP ordering of monomials is used then a Gröbner p-basis is a
reduced p-basis in the terminology of [20].

Example 4.15 Let M be a submodule of Z
2
9[x] generated by the rows of the

following matrix

R =









1 8x5 + 5x4 + 5x3 + 2x2 + 2x

0 x6

3 6x5 + 6x4 + 6x3 + 6x2 + 6x

0 3x6









.

Denote the rows of R by R1, R2, R3 and R4.

• Using the TOP ordering:
a minimal Gröbner basis G = {g1, . . . , g4} of M is given by the rows of









8 x5 + 4x4 + 4x3 + 7x2 + 7x

x + 5 3x4 + 3x2 + x

x2 + 3x + 2 x2 + 4x

3x + 6 3x









.

The sequence of ordered differences (β1, β2, β3, β4) equals (1, 1, 1, 1). By
Theorem 4.13, the sequence (g1, g2, g3, g4) is a Gröbner p-basis for M .
Thus, in the terminology of [20], the p-generator sequence (g1, g2, g3, g4) is
a reduced p-basis; it has the p-PLM property. Furthermore, p−dim (M) =
β1 + β2 + β3 + β4 = 4.

• Using the POT ordering:
the vectors R1 and R2 form a minimal Gröbner basis. The sequence of
ordered differences (β1, β2) equals (2, 2). According to Theorem 4.13, the
sequence (g1, 3g1, g2, 3g2) is a Gröbner p-basis for M ; it has the p-PLM
property. Note that β1 + β2 indeed equals 4 = p−dim (M).

Note that the example clearly illustrates a corollary of Theorem 4.13, namely
that the sum of the βi’s under TOP is equal to the sum of the βi’s under POT.
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5 Conclusions

Over the years, Gröbner bases have been recognized as a powerful conceptual
and computational tool for a wide range of areas within systems & control,
coding and signal processing, even when restricted to the univariate case. In
this paper we focused on this univariate case. We first recalled the usefulness
of minimal Gröbner bases for several applications involving systems over fields.
For this, we identified a particular property of a minimal Gröbner basis which
we labeled the “Predictable Leading Monomial (PLM)” property.

Subsequently, we turned our attention to systems over the finite ring Zpr . Be-
cause of the presence of zero divisors, a minimal Gröbner basis for a module in
Z

q
pr [x] is not a basis. Inspired by [20], we solved this difficulty by restricting

coefficients. Our main result is Theorem 4.13 which leads to the novel con-
cept of “Gröbner p-basis“ (Definition 4.14). In fact, Theorem 4.13 shows that
a Gröbner p-basis has a particular type of PLM property which can then be
applied to yield straightforward solutions to several problems involving systems
over Zpr .

As an example, for a module in Z
q
pr [x] (interpretable as a finite support convo-

lutional code C over Zpr as in [36]) a state space realization (interpretable as
a trellis representation of C) with a minimal number of state values can be ob-
tained from a Gröbner p-basis in much the same way as outlined in Example 3.3
for the field case. This parallels Theorem 2 in [17].

As another example, a parametrization of all shortest linear recurrence relations
of a finite sequence over Zpr can be obtained from a Gröbner p-basis for the
corresponding partial impulse response behavior B in much the same way as
outlined in Example 3.4 for the field case. This parallels Theorem 15 in [19].

An advantage of the Gröbner approach is that computational packages are avail-
able to compute a minimal Gröbner basis over Zpr , such as the Singular

computer algebra system [10]. Another advantage is that the approach offers
flexibility through the choice of ordering of monomials. This make it possible to
derive several dual results at once. A topic of future research is to investigate the
use of the POT ordering to derive novel results on a Smith-McMillan like form
for polynomial matrices over Zpr . These are motivated by issues concerning
catastrophicity of convolutional codes over Zpr , see [16].

Another topic of future research is to investigate connections with Janet bases [8,
32] for multivariate Gröbner bases over fields, where restrictions on coefficients
are also used.
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