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Abstract. In the literature there exist several methods for errors-and-
erasures decoding of RS codes. In this paper we present a unified ap-
proach that makes use of behavioral systems theory. We show how dif-
ferent classes of existing algorithms (e.g., syndrome based or interpola-
tion based, non-iterative, erasure adding or erasure deleting) fit into this
framework. In doing this, we introduce a slightly more general WB key
equation and show how this allows for the handling of erasure locations
in a natural way.

1 Introduction

Reed-Solomon (RS) codes find applications in storage and communication sys-
tems. Their algebraic structure has given rise to several low-complexity algo-
rithms for error correction. The most well known are the Berlekamp-Massey
(BM), the Euclidean and the Welch-Berlekamp (WB) algorithm.

The importance of having an errors-and-erasures correcting algorithm became
truly apparent in the seminal paper [9] of G.D. Forney Jr., which presents a
generalized minimum distance (GMD) decoding method which repeatedly em-
ploys errors-and-erasures decoding. In particular, efficient GMD decoding needs
a fast iterative processing of Erasures, i.e., a fast way to obtain the solution for
f erasures from the solution with either f +1 or f — 1 erasures (named erasure
deletion and erasure addition, respectively).

The decoding of corrupted RS code words boils down to solving a key equation.
Classical key equations are the BM key equation and the WB key equation.
Araki et al.[1] introduced the generalized key equation of which the classical ones
are particular examples. As is shown in Section 2, these key equations can be
reformulated in terms of behavioral modeling. Behavioral modeling has already
been used to provide a good understanding of errors-only decoding [15-18].

The main contribution of this paper is in Section 3, where our approach straight-
forwardly gives rise to a range of errors-and-erasures decoding algorithms, and
where we make connections with the existing literature. We unify several presently
known iterative errors-and-erasures decoding algorithms in one conceptually



clear framework. We explain these algorithms and also give a new proof of the
correctness of classical noniterative errors-and-erasures decoding in terms of be-
havioral modeling. Further, we generalize the WB key equation, which gives rise
to a variant of the WB algorithm with which we can handle erasures.

2 General Framework

2.1 Preliminaries on RS Codes and Key Equations for Errors-Only
Decoding

Let {z1,---,2,} be a subset of a finite field IF with all z;’s distinct. We define
aRS code as a set of codewords of the form ¢ = (M(z1),..., M(zy,)), where
M (z) is a polynomial of degree < k. RS codes are maximum distance separable
(MDS), i.e. the minimum Hamming distance d of a (n, k) RS code equals n—k+1.
As a result, ¢t errors and f erasures can be corrected if 2t + f <d—1=n —k.

For decoding, the above definition naturally leads to the key equation

D(z;)y; = N(z:)n; (1)

for i =0,...,n — k. Here y; and 7n; are data derived form the received word—in
this decoding context all n;’s are nonzero and y,_r = 0. The aim of errors-only
decoding is to find polynomials D(z) and N(z) that satisfy (1) and for which
deg N < deg D and deg D is minimal. The error locations are then computed
as the zeros of D(z). A well known algorithm for solving this problem is the
WB algorithm, which processes the interpolation data (z;,y;,7;) iteratively for
1 =0,...,n — k. In the literature 7; usually equals 1. In this paper, however,
we prefer to leave 1; unspecified (possibly zero) as this allows us to incorporate
erasure decoding in Section 3.

Alternatively, a RS code is defined as a set of codewords which have zeros at zero
locations z1, ..., 2, . Here the zero locations are prespecified consecutive pow-
ers of a primitive element in IF. Decoding methods are then derived on the basis
of the syndrome sequence (S1,...,Sn—k) := (r(21),...,7(2n_k)), where r(z) de-
notes the received polynomial. A relevant equation is Berlekamp’s classical key
equation

A(z)S(x) = 2(x) mod z"~k+l | (2)

Here S(z) := Sz + --- + Sp_px™* is the syndrome polynomial. The aim of
errors-only decoding is to find polynomials A(z) and 2(x) that satisfy (2) and
for which A(0) # 0 and max { deg A, deg 2} is minimal. The error locations are
then computed as the reciprocals of the zeros of A(z). This problem is solved
by the BM algorithm which iteratively processes the syndrome components.
Note that A(z) corresponds to a shortest LFSR for the syndrome components
Sty Sn_k-

Both of the above described decoding methods are instances of polynomial inter-
polation. In the first method the interpolation points xg, . . . , £,k are all distinct



whereas the second method performs repeated interpolation at one single point
z = 0 (these originate from interpolation requirements on derivatives of the
key equation). We denote the latter as interpolation at (0,{0,S1,...,Sn—k})-
This common interpolation aspect is exploited in recent work [5] by Blackburn
who presents a generalized interpolation method that incorporates both types
of interpolation.

2.2 Errors-Only Decoding of RS Codes in a Behavioral Framework

Formulation in terms of Behavioral Modeling. Here we recall how decod-
ing in terms of the above key equations is reformulated as behavioral modeling
of certain trajectories of time. Let us start with Berlekamp’s classical key equa-
tion (2). From the syndromes Sy, ..., Sy we define the trajectory b : ZZ, ~ IF?

given by o ({sdo_l] [%] | m , [8] , [8] > . (3)

It can now be easily verified that A(z) and £2(x) are solutions of (2) if and only
if the trajectory b is a solution of the difference equation

o) - 0] || =0 ()

w2

in the variable [31 ] : Z +— TF2. Here o stands for the backward shift operator.
2

Let us now consider the WB key equation (1). From the interpolation data we
define d trajectories b; : ZZ + IF? given by

biz[zf](l,xi,mi2,...) fori=0,...,d—1. (5)
Clearly, the polynomials D(z) and N(z) are solutions of (1) if and only if all
trajectories b; (i = 0,...,d — 1) are solutions of the difference equation
w
DG) - N@) || =0 ©)
2

For decoding we require in addition that the row degrees of [A(z) — 2(z)] and
[D(z) — N(z)], respectively, are minimal. Here the row degree of a polynomial
row vector is defined as the maximum degree of its entries. Furthermore, for
decoding, we require A(0) # 0 for the solution of (4) and deg N < deg D
for the solution of (6). The fact that these requirements differ is solely due to
the fact that Berlekamp’s key equation (2) aims at reciprocals of error locations
rather than at the locations themselves.

Remark 1. Note that, if we process the syndromes in a reversed order then
the requirement that A(0) # 0 is to be replaced by the requirement that deg
< deg A.



Having reformulated the two decoding problem statements in a behavioral set-
ting, how do we go about solving it? A model of the form (4)

clearly gives rise to a linear o-invariant solution space (“behavior”) spanned by
infinitely many trajectories from Z, to IF2. For our decoding we require that
this behavior contains the given trajectory b, defined by (3). The smallest o-
invariant behavior B* that contains b is clearly finite dimensional and given by
the span of b,ob,...,c%. This behavior B* is called the Most Powerful Unfal-
sified Model (MPUM) for the data set {b}, see [23]. For B* we can immediately
write down a representation, namely

d—1
(1) (S1o + Uj Sg—10%71) w=0 . )
The above representation is not unique—in fact, all other representations of B*
can be obtained by left multiplying the matrix in (7) by a unimodular polynomial
matrix, i.e. a polynomial matrix whose determinant is a nonzero constant. Note
that it follows that the degree of the determinant of any matrix that represents
B* equals d = dim B*, whereas the sum of the row degrees of any such matrix is
larger than or equal to d. It can be proven [23] that there exists a representation
of B* for which equality holds. This representation has minimal row degrees and
is called “row reduced”. A solution [A(z) — f2(z)] of the decoding problem is
simply found by selecting from the two rows in a row reduced representation
of B* the row of minimal degree that satisfies the additional requirement (here:
A(0) #0).
In the case of the WB key equation (1) the approach is completely analogous:
simply replace {b} by {bg,...,bq—1}, defined in (5) and find a row reduced
representation for its MPUM accordingly, see [18,19]. In this case we choose the

row of minimal degree that satisfies the additional requirement that deg N <
deg D.

Algorithms. A well known noniterative algorithm for solving the above decod-
ing problems is the Euclidean algorithm. In [18] it has been explained that the
Euclidean algorithm simply brings the matrix in (7) in row reduced form.

Alternatively, the general iterative behavioral modeling procedure of [23, p. 289]
can be used. For key equation (2) it is explained in detail in [15] how the BM
algorithm can be interpreted as an instance of this procedure.

It has been shown in [18,19] how the same general iterative behavioral modeling
procedure of [23] can also be put to work to produce an iterative algorithm
for solving key equation (1). The resulting algorithm closely resembles the WB
algorithm but involves a different update parameter [18, Sect. 4.4]. It plays
a key role in the sequel of this paper. We believe that the behavioral set-up



enables a particularly transparent explanation. For this reason we now explain
the algorithm as clearly as possible, see also [18, Thm. 4.2].

Algorithm 1. As a first step we initialize

wrefs Y

Note that the row degrees L! ; and L? ; of this matrix both equal 0. The behavior
represented by R_1 (o)w = 0 equals {0}. We now proceed by processing the data
(zi,yi,m:) step by step. At step i (¢ =0,...,d— 1) we process the corresponding
trajectory b; given by (5). For this, we first compute the error trajectory e; :=
R;_1(0)b;, which is easily shown to be of the form

e; = [?:] (]_,IL'z',.'L'?,...) .

In fact, A; and I; are computed as

] -nec 2]

We then choose an update matrix V;(x) such that V;(o)w = 0 represents the
MPUM for {e;}. Defining R;(z) := V;(z)R;—1(z), we then have that R;(0)w =0
is a representation that models all data by, ..., b; processed so far. We need to
choose V;(x) carefully, so as to produce a row reduced matrix R;(z). Recall that
this means that the sum of the first row degree L} and the second row degree
L? of R;(x) equals the degree of the determinant of R;(z). This is achieved by
making sure that only one of the row degrees of R;_; () is increased by one when
left multiplied by V;(z). The following specification satisfies this requirement: if
(Ii#0and L} |, > L? |) or A; =0 then

Vi(z) == [1(} rc_—A;:i] ; Li:=L; , and L}:=17 | +1
and, if otherwise,
Vi(z) := [”“' 1:”“" _OAi] L':=L!  +1 and L?:=1I12, .

Note that for efficient implementation it is sufficient to update only L} since
L} + L? = i+ 1 at each step i. After processing all data (z;,y;,n;) for i =
0,...,d—1, the matrix R4(z) is a row reduced representation of the MPUM B*
of {bg,...,bg—1}. It can be proven that R;_;(x) also has the property that the
degree of its lower left entry is strictly smaller than the degree of the lower right
entry. From the row reducedness of Rg(x) it then follows that the upper left
entry D(z) and the upper right entry N(z) are a solution of key equation (1)
for which deg N < deg D and deg D is minimal.



Remark 2. The above algorithm can be easily adapted (see [5]) so as to process
repeated interpolations at x = 0, say involving the reversed syndrome polyno-
mial Sy_iz + --- + Syz? ', This straightforwardly gives rise to the algorithm
of [18, sect. 4.2] which computes a polynomial whose zeros are the error locations
rather than the reciprocals of the error locations, see Remark 1. In this case the
discrepancies A; and I; are computed as

Sg1Z + oo + Syt

[Ai] := coeff of z° in R;_;(x) 1

I

3 Errors-and-Erasures RS Decoding

In this section we present various methods for errors-and-erasures decoding, most
of which can be found in the literature. The main aim of this section is to cast all
methods into one conceptually clear framework by reformulation in behavioral
modeling terms.

3.1 Noniterative Processing of Erasures

Here we deal with a situation where f < d erasure locations oy, @s,...,ay are
a priori specified, for example through the erasure locator polynomial I'(z) :=
Hle(l — a;z). We seek to find the corresponding error values (possibly zero)
as well as additional errors in the non-erased locations. Substituting zeros in
the erased positions we first derive syndrome values Si,...,S3—1. Errors-and-
erasures decoding amounts to finding the shortest LFSR A(x) for Si,...,S4-1
that contains I'(x) as a factor. Methods for solving this problem are well known
and can be found in e.g. [6, 22]. In this subsection we first seek to reformulate the
problem in behavioral modeling terms. We then outline how a range of different
classical solution methods fits into our framework.

In terms of trajectories, the above requirement that I'(x) is a factor of the errors-
and-erasures locator polynomial A(x) is easily reformulated as the requirement
to model not only the trajectory b : ZZ, ~ IF? given by (3), but also, for
j=1,...,f, the trajectories

b;:= [é] (Lot a%,..0) . (8)

With S(z) := Siz + - -+ Sy_12¢7!, a representation for the MPUM for the set
of trajectories {b,b1,...,bs} is readily obtained as

[rga) —.i((ia)] w=0,

where S(z) := I'(z)S(z) mod z? is the modified syndrome, see e.g. [22].
The task at hand is now simply to bring the matrix in the above equation
in row reduced form. As described below, this can be done in a convenient



way by making use of the next lemma (whose proof is straightforward) and the
decomposition S(z) = Si(x) + #7 Sz (), where Sy (z) := Six + Spz® +- - -+ Spa’
and Sa(z) := Sypz+--- + Sg_qzd -1

Lemma 1. Let a(x) and b(x) be polynomials of degree f and let c(x) be a poly-

nomial of degree < f. Let F(z) be a 2 x 2 polynomial matriz that is row reduced.
Then

18 row reduced.

Theorem 1. Let
1 e

be a row reduced representation of the MPUM of the trajectory
Sq_1 St 0 0 0
0 P 0 7 1 ) 0 7 0 LA

I |

Then R(o)w = 0 is a row reduced representation of the MPUM of {b,b,...,bs},
as defined in (3) and (8).

Proof. Applying the above lemma for a(z) = I'(z), b(z) = 2/ and ¢(z) =
—Si(z), it follows that R(z) is row reduced. It can also be easily seen that
R(o)w = 0 represents the MPUM of {b, by,...,bs}. |

Because of the above theorem we can perform errors-and-erasures decoding by
computing the modified syndrome values S Ly S4_1 and constructing a short-
est LFSR for them. The latter can be done either noniteratively, by applying the
Euclidean algorithm on the polynomials z?~F and Sy () or iteratively by apply-
ing the BM algorithm on S;1,...S4—1. Both methods are classical and can be
found in e.g. [6], see also [8]. The BM type method is essentially equivalent to
the method recounted in [21, Sect. IT-A] and [6,13]: it can be easily verified that
applying BM on Sfy1,...S54-1 is the same as applying BM on Si,...,Sx and
initializing with
[[‘(x) 0 ]

0 T

3.2 TIterative Processing of Erasures

Erasure Deletion through Interpolation at Distinct Points. The most
natural way [2-4,20] to deal with erasures is to employ an approach based on
interpolation at the code locations. Indeed, in this approach the interpolation



points can be chosen complementary to the erasure locations, which are thus
ignored (“erased”). In fact, we can regard the preliminary step of the WB algo-
rithm, in which k entries are re-encoded, as a case of erasures-only decoding in
which n — k = d — 1 code locations are erased. In each subsequent step of the
WB algorithm one erasure is deleted from the full set of d — 1 erasures, until at
the last (d — 1)st step all erasures have been deleted and errors-only decoding
is completed. Thus the WB algorithm and the closely related Algorithm 1 can
be regarded as instances of an iterative errors-and-erasures decoding method in
which erasures are successively deleted.

Syndrome-Based Erasure Addition. Alternatively, it is possible to formu-
late a syndrome-based errors-and-erasures decoding method that processes the
erasures iteratively, as presented by Kotter in [14]. Indeed, the exposition in
Section 3.1 is easily modified to reformulate decoding as the construction of a
row reduced representation for the MPUM of the data set {5, bi,...,b 7}, where

o (2 Lo L L BLE )

and, fory=1,...,f,
= 1
b; = |:0:| (l,aj,a?,...) . (10)

In the notation of Section 2.1, the decoding problem is thus an interpolation
problem with interpolation data (0,{0,S4q—1,...,51}), (a1,1,0),...,(ay,1,0).
This approach is close to the work by Kotter [14] who, in behavioral terms,
first constructs a row reduced representation for the syndromes, then takes its
reciprocal model and proceeds by performing interpolation at the erasure loca-
tions. In our set-up we process the syndrome components in a reversed order so
that a reciprocal model needs not be computed. Note that the order in which
erasures are added is not important. In fact, erasures can even be added after
any intermediate syndrome processing iteration, an observation which was also
made in [13], where a similar algorithm is presented.

Syndrome-Based Erasure Deletion. In [21] Taipale and Seo employ an era-
sure deleting approach that is syndrome-based. Their algorithm produces a poly-
nomial whose zeros are the reciprocals of the error locations. Below we present
an algorithm which resembles the algorithm in [21] but produces a polynomial
whose zeros are the error locations. We found that setting up the algorithm in
this way rather than in the reciprocal domain enhances its insightfulness. Similar
algorithms to ours have been presented in [10-12].

For our syndrome-based erasure deletion approach, we first consider erasures-
only decoding, specifying d — 1 erasure locations aj,as,...,aq—1 and defining

[(z):= H?;ll (z — o). We initialize our algorithm with

Fo(@) = [ng) —i[(i:c)] |



where S(z) := I'(z)(Sg—1z+---+S12%"!) mod z¢. Note that the representation

re) =501, _
0 gl | W= 0
models {b,by,...,bs}, given by (9-10). Erasure deletion comes down to remov-
ing, one by one, the erasure trajectories b; (j = 1,...,d — 1). After erasing all

d — 1 erasures, the output of the algorithm achieves errors-only decoding. Not
surprisingly, the algorithm operates inversely to Algorithm 1. For the sake of
brevity we omit its proof here.

Algorithm 2. Initialize

Ro(z) := [fgx) _ig“’)]; Li:=d—1 and L%:=d .

At step i, process the erasure o; (i =1,...,d — 1) by computing

[?:] := Ri_1 () [?]

Then define R;(z) := V;(x)R;_1(z) where
if (L}, >L? jand I3 #0) or A; =0, then

I —A;
Vi(z) := [w—oai o ] L}:=L!,-1 and L?:=12,
and, if otherwise,
1 0 1 1 2 2
Vile):=| n, A L;:=L; ; and Ly:=L;j ;-1 .

Now, the zeros of the upper left entry of R;(x) are candidate error locations for
errors-and-erasures decoding with d — 1 — ¢ erasures specified.

Note again that for efficient implementation only L] needs to be specified since
L} + L? =2d—1—i at each step i.

4 Conclusions

In this paper we put behavioral systems theory to work to provide a unified
explanation of a range of iterative errors-and-erasures decoding algorithms in
the literature. In doing this, we introduced a slightly more general version of
the WB key equation (by introducing the 7; in equation (1)) to accomodate the
handling of erasure trajectories. We classified several known iterative procedures
for errors-and-erasures RS decoding and gave an overview of the relationships
between our framework and the currently known schemes.
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