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Abstract. We address the concept of “minimal polynomial encoder” for
finite support linear convolutional codes over Zpr . These codes can be in-
terpreted as polynomial modules which enables us to apply results from
the 2007-paper [8] to introduce the notions of “p-encoder” and “minimal
p-encoder”. Here the latter notion is the ring analogon of a row reduced
polynomial encoder from the field case. We show how to construct a
minimal trellis representation of a delay-free finite support convolutional
code from a minimal p-encoder. We express its number of trellis states in
terms of a degree invariant of the code. The latter expression generalizes
the wellknown expression in terms of the degree of a delay-free finite
support convolutional code over a field to the ring case. The results are
also applicable to block trellis realization of polynomial block codes over
Zpr , such as CRC codes over Zpr .

Keywords: polynomial module, finite ring, row reduced, p-generator
sequence, convolutional code, minimal trellis.

1 Introduction

In this paper we consider finite support linear convolutional codes over a finite
ring of the type Zpr , where r is a positive integer and p is a prime integer.
Let Zpr [z] denote, as usual, the ring of polynomials in the indeterminate z with
coefficients in Zpr . Conform [15,16,5,17] we define a finite support convolutional
code of length n over Zpr as a submodule of Z

n
pr [z]. In case C admits a basis, that

is, can be written as C = im G(z), then G(z) ∈ Z
k×n
pr [z] is called an encoder for

C and C is said to have dimension k. Note that, for the ring case r > 1, there
exist finite support convolutional codes that do not have an encoder. A simple
example over Z4 with n = 1 is the code C = span {2, 1 + z}.

In this paper we are interested in minimal trellis representations for finite
support convolutional codes over Zpr , i.e., trellis representations with a minimal
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number of trellis states. Since decoders, such as the Viterbi decoder, are based
on trellis representations, minimality is a desirable property that leads to low
complexity decoding. Convolutional codes over Zpr have obtained a considerable
amount of attention in the literature because of their relevance to nonbinary
modulation schemes. For n = 1 the class of finite support convolutional codes
coincides with the so-called polynomial block codes, a terminology from [2]. This
class contains all cyclic codes and shortened cyclic codes, i.e., CRC codes, see
also [12]. The relevance of polynomial block codes over Zpr was established
by the landmark paper [6] which shows that important families of nonlinear
binary codes are images under a Gray map of linear codes over the ring Z4, see
also [1,14].

In the field case, any delay-free finite support convolutional code (that is,
a convolutional code which has an encoder G(z) with G(0) full row rank) ad-
mits a minimal encoder that gives rise to a minimal trellis representation. Here
minimality is defined as “row-reducedness” and a minimal trellis is simply con-
structed as the controller canonical realization of a row reduced encoder. The
number of states in a minimal trellis can then be expressed in terms of the degree
of the code which is the sum of the row degrees of a minimal encoder. In this
paper we are interested in determining a similar procedure for the ring case.

Although methods to construct a minimal trellis from code sequences carry
through from the field case, as in [4], the literature does not provide a practical
trellis realization method that starts from a minimal polynomial encoder and
parallels the field case. In particular, it is an open problem, as observed in the
2007 paper [17], to express the minimum number of trellis states in terms of the
row degrees of a particular polynomial encoder of the code. The reason for this
seems to be that an appropriate minimality concept involving “row reducedness”
was, until recently, not available for polynomial matrices over Zpr . The recent
paper [8] develops the concept of “row reducedness” for polynomial matrices over
Zpr . Using this concept we define a particular type of polynomial encoder, called
p-encoder. We also define the concept of a delay-free p-encoder. We show that any
delay-free finite support convolutional code over Zpr (“delay-free” meaning that
it admits a delay-free p-encoder) admits a minimal p-encoder whose controller
canonical realization is a minimal trellis representation for the code. We find
that this minimal trellis exhibits nonlinear features. We give a simple expression
for the minimum number of trellis states in terms of the sum of the row degrees
of a minimal p-encoder. To prove that our practical construction is minimal, we
use the minimal trellis of [4] that is constructed from code sequences.

The algorithm of [20,21] also gives a practical trellis construction method but
differs from ours in that it considers associated block codes of the type C|[0,�) and
then uses the block trellis algorithm of [18] to build a minimal trellis for C. In
contrast, our method makes use of the polynomial structure of the convolutional
code and gives rise to a simple expression for the minimum number of trellis
states in terms of a degree invariant of the code.

In most of the literature on convolutional ring codes, code sequences are Lau-
rent series, so do not necessarily have finite support. In this classical setting it is
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natural to assume n > k and to interpret code sequences as trajectories on the
time-axis Z, rather than Z+. Also, catastrophicity issues arise that play no role in
the finite support case. The reader is referred to our paper [9] for an account on
minimal polynomial encoders and minimal trellis construction of convolutional
codes over Zpr in this classical setting.

2 Preliminaries

A set that plays a fundamental role throughout the paper is the set of “digits”,
denoted by Ap = {0, 1, . . . , p−1} ⊂ Zpr . Recall that any element a ∈ Zpr can be
written uniquely as a = θ0+θ1p+· · ·+θr−1p

r−1, where θ� ∈ Ap for � = 0, . . . , r−1
(p-adic expansion). This fundamental property of the ring Zpr expresses a type
of linear independence among the elements 1, p, ..., pr−1. It leads to the notions
of “p-linear independence” and “p-generator sequence” for modules in Z

n
pr , as

developed in the 1996 paper [18]. For example, for the simplest case n = 1, the
elements 1, p, p2, ..., pr−1 are called “p-linearly independent” in [18] and the
module Zpr = span {1} is written as Zpr = p−span {1, p, p2, . . . , pr−1}. The
module Zpr is said to have “p-dimension” r.

In this section we recall the main concepts from [8] on modules in Z
n
pr [z], that

are needed in the sequel. We present the notions of p-basis and p-dimension of a
submodule of Z

n
pr [z], which are extensions from [18]’s notions for submodules of

Z
n
pr . From [8] we also recall the concept of a reduced p-basis in Z

n
pr [z] that plays

a crucial role in this paper.

Definition 1. [8] Let {v1(z), . . . , vm(z)} ⊂ Z
n
pr [z]. A p-linear combination

of v1(z), . . . , vm(z) is a vector
m∑

j=1

aj(z)vj(z), where aj(z) ∈ Zpr [z] is a poly-

nomial with coefficients in Ap for j = 1, . . . , m. Furthermore, the set of all p-
linear combinations of v1(z), . . . , vm(z) is denoted by p-span(v1(z), . . . , vm(z)),
whereas the set of all linear combinations of v1(z), . . . , vm(z) with coefficients in
Zpr [z] is denoted by span (v1(z), . . . , vm(z)).

Definition 2. [8] An ordered sequence (v1(z), . . . , vm(z)) of vectors in Z
n
pr [z]

is said to be a p-generator sequence if p vm(z) = 0 and p vi(z) is a p-linear
combination of vi+1(z), . . . , vm(z) for i = 1, . . . , m − 1.

Lemma 1. Let (v1(z), . . . , vm(z)) be a p-generator sequence in Z
n
pr [z]. Then

(v1(0), . . . , vm(0)) is a p-generator sequence in Z
n
pr .

Theorem 1. [8] Let v1(z), . . . , vm(z) ∈ Z
n
pr [z]. If (v1(z), . . . , vm(z)) is a p-

generator sequence then p−span (v1(z), . . . , vm(z)) = span (v1(z), . . . , vm(z)).
In particular, p−span (v1(z), . . . , vm(z)) is a submodule of Z

n
pr [z].

All submodules of Z
n
pr [z] can be written as the p-span of a p-generator sequence.

In fact, if M = span (g1(z), . . . , gk(z)) then M is the p-span of the p-generator
sequence (g1(z), pg1(z), . . . , pr−1g1(z), . . . , gk(z), pgk(z), . . . , pr−1gk(z)).
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Definition 3. [8] The vectors v1(z), . . . , vm(z) ∈ Z
n
pr [z] are said to be p-

linearly independent if the only p-linear combination of v1(z), . . . , vm(z) that
equals zero is the trivial one.

Definition 4. Let M be a submodule of Z
n
pr [z], written as a p-span of a p-

generator sequence (v1(z), · · · , vm(z)). Then (v1(z), · · · , vm(z)) is called a p-
basis for M if the vectors v1(z), . . . , vm(z) are p-linearly independent in Z

n
pr [z].

Lemma 2. [8] Let M be a submodule of Z
n
pr [z] and let (v1(z), v2(z), · · · , vm(z))

be a p-basis for M . Then each vector of M is written in a unique way as a
p-linear combination of v1(z), . . . , vm(z).

Lemma 3. Let M be a submodule of Z
n
pr [z] and let (v1(z), v2(z), · · · , vm(z)) be

a p-basis for M , such that v1(0), · · · , vm(0) are p-linearly independent in Z
n
pr .

Let (w1(z), w2(z), · · · , wm(z)) be another p-basis for M . Then w1(0), · · · , wm(0)
are also p-linearly independent in Z

n
pr .

Proof. It follows from Lemma 1 that (v1(0), · · · , vm(0)) and (w1(0), · · · , wm(0))
are p-generator sequences in Z

n
pr . Define modules V and W in Z

n
pr by V :=

p−span (v1(0), · · · , vm(0)) and W := p−span (w1(0), · · · , wm(0)). Since the p-
generator sequence (v1(z), v2(z), · · · , vm(z)) is a p-basis for M , the vector wi(z)
(with i ∈{1, . . . , m}) can be written as a p-linear combination of v1(z), . . . , vm(z).
Substituting z = 0, it now follows that wi(0) is a p-linear combination of
v1(0), · · · , vm(0) and therefore W is a submodule of V . Vice versa, by the same
reasoning, V is a submodule of W . Consequently W = V has p-dimension m
because of the p-linear independence of v1(0), · · · , vm(0). It now follows from
Lemma 2.10 of [8] that w1(0), · · · , wm(0) are p-linearly independent and this
proves the lemma.

Next, we recall a particular p-basis for a submodule of Z
n
pr [z], called “reduced

p-basis”. We first recall the concept of “degree” of a vector in Z
n
pr [z], which is

the same as in the field case.

Definition 5. Let v(z) be a nonzero vector in Z
n
pr [z], written as v(z) = v0 +

v1z + · · · + vdz
d, with vi ∈ Z

n
pr , i = 0, . . . , d, and vd �= 0. Then v(z) is said to

have degree d, denoted by deg v(z) = d. Furthermore, vd is called the leading
coefficient vector of v(z), denoted by vlc.

Lemma 4. [8] Let M be a submodule of Z
n
pr [z], written as a p-span of a p-

generator sequence (v1(z), . . . , vm(z)) with vlc
1 , . . . , vlc

m p-linearly independent in
Z

n
pr . Then (v1(z), . . . , vm(z)) is a p-basis for M .

Definition 6. [8] Let M be a submodule of Z
n
pr [z], written as a p-span of

a p-generator sequence (v1(z), . . . , vm(z)). Then (v1(z), . . . , vm(z)) is called a
reduced p-basis for M if the vectors vlc

1 , . . . , vlc
m are p-linearly independent

in Z
n
pr .
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A reduced p-basis in Z
n
pr [z] generalizes the concept of row reduced basis from the

field case. Moreover, it also leads to the predictable degree property and gives
rise to several invariants of M , see [8]. In particular, the number of vectors in
a reduced p-basis as well as the degrees of these vectors (called p-degrees), are
invariants of M . Consequently, their sum is also an invariant of M .

Every submodule M of Z
n
pr [z] has a reduced p-basis. A constructive proof is

given by Algorithm 3.11 in [8] that takes as its input a set of spanning vectors
and produces a reduced p-basis of M . Moreover, it is easy to see that if the input
is already a p-basis of M , consisting of m vectors, then the algorithm produces
a reduced p-basis consisting of m vectors. Since m is an invariant of the module,
it follows that all p-bases of M have the same number of elements. As a result,
the next definition is well-defined and not in conflict with the slightly different
definition of [8].

Definition 7. The number of elements of a p-basis of a submodule M of Z
n
pr [z]

is called the p-dimension of M , denoted as p−dim (M).

The following lemma will be used in the next section.

Lemma 5. Let M = span (g1(z), . . . , gk(z)) be a submodule of Z
n
pr [z], where

g1(z), . . . , gk(z) ∈ Z
n
pr [z] are linearly independent. Then p−dim M = rk.

Proof. The result follows immediately from the obvious fact that

(g1(z), pg1(z), . . . , pr−1g1(z), . . . , gk(z), pgk(z), . . . , pr−1gk(z))

is a p-basis for M .

3 p-Encoders and Trellises

It follows from the preceding section that any finite support convolutional code
C of length n admits a p-basis. In the sequel we denote the p-dimension (see
Definition 7) of C by κ. Recall that Ap = {0, 1, . . . , p − 1} ⊂ Zpr .

Definition 8. Let C be a finite support convolutional code over Zpr of length n
and p-dimension κ. Then E(z) ∈ Z

κ×n
pr [z] is said to be a p-encoder of C if the

rows of E(z) are a p-basis for C.

Definition 9. Let E(z) be a p-encoder of a finite support convolutional code
over Zpr of length n, such that the rows of E(0) are a p-basis in Z

n
pr . Then E(z)

is said to be a delay-free p-encoder.

The next lemma follows immediately from Lemma 3.

Lemma 6. Let C be a finite support convolutional code over Zpr of length n that
admits a delay-free p-encoder. Then all p-encoders of C are delay-free.

Definition 10. A finite support convolutional code over Zpr of length n is said
to be a delay-free code if all its p-encoders are delay-free.
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Not all finite support convolutional codes are delay-free. A simple example over
Z2 with n = 1 is the code C = span {z + z2}. In fact, convolutional codes that
are not delay-free seem to be of limited interest, as they employ an artificially
high lag. From now on we focus on delay-free codes.

Definition 11. Let C be a delay-free finite support convolutional code over Zpr

of length n. Then E(z) is said to be a minimal p-encoder of C if the rows of
E(z) are a reduced p-basis for C.

A minimal p-encoder for a delay-free finite support convolutional code C is ob-
tained by applying Algorithm 3.11 in [8] to any p-encoder of C.

In the sequel, we denote the leading row coefficient matrix of a polynomial
matrix V (z) by V lrc. If a delay-free finite support convolutional code C admits
an encoder G(z) such that Glrc has full row rank, then a minimal p-encoder is
trivially constructed as

E(z) = col (G(z), pG(z), . . . , pr−1G(z)). (1)

An important observation is that all delay-free finite support convolutional codes
admit a minimal p-encoder but they do not all admit an encoder G(z) such that
Glrc has full row rank.

Note that, because of Lemma 5, the p-dimension κ of a finite support convo-
lutional code of dimension k equals κ = rk. Also, if such a code is delay-free, it
can be easily verified that all its encoders G(z) have the property that G(0) has
full row rank.

A convolutional code can be represented by a trellis. Formally, we define a trel-
lis section as a four-tuple X = (Zn

pr , S, S′, K), where S and S′ are the left state set
and right state set, respectively, and K is the set of branches which is a subset of
S×Z

n
pr ×S′, such that every state is part of at least one branch, see also [4,11,10].

A trellis is a sequence X = {Xt}t∈Z+ of trellis sections Xt = (Zn
pr , St, S

′
t, Kt),

such that for all t ∈ Z+, S′
t = St+1 and S0 = {0}. A path through the trel-

lis is a sequence (b0, · · · , bt−1, bt, bt+1, · · ·) of branches bt = (st, ct, st+1) ∈ Kt

such that bt+1 starts in the trellis state where bt ends, for t ∈ Z+. The set of
all trellis paths that end at the zero state is denoted by π(X ). The mapping
λ : π(X ) �→ (Zn

pr )Z+ assigns to every path (b0, · · · , bt−1, bt, bt+1, · · ·) its label se-
quence (c0, · · · , ct−1, ct, ct+1, · · ·). We say that a sequence {ct}t∈Z+ passes through
state s at time t if there exists a corresponding path of branches {bt}t∈Z+ , where
bt = (st, ct, st+1), such that st = s. A trellis X is called a trellis representation
for a finite support convolutional code C if C = λ(π(X )) 1.

A trellis representation of a finite support convolutional code can be con-
structed from a p-encoder of the code. Let us first recall the wellknown controller
canonical form. A κ × n matrix E(z) is realized in controller canonical form [7]
(see also [3, Sect. 5]) as

E(z) = B(z−1I − A)
−1

C + D. (2)
1 We identify a polynomial c = c0 + c1z + · · ·+ cmzm in Zpr [z] with the finite support

sequence (c0, c1, . . . , cm) ∈ Z
m+1
pr .
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Denoting the i’th row of E(z) by ei(z) =
∑δi

�=0 ei,�z
�, where ei,� ∈ Z

1×n
pr , the

matrices A, B, C and D in (2) are given by

A =

⎡

⎢⎣
A1

. . .
Aκ

⎤

⎥⎦ , B =

⎡

⎢⎣
B1

. . .
Bκ

⎤

⎥⎦ , C =

⎡

⎢⎣
C1

...
Cκ

⎤

⎥⎦ , D =

⎡

⎢⎣
e1,0

...
eκ,0

⎤

⎥⎦ ,

with

Ai =

⎡

⎢⎢⎢⎢⎣

0 1
. . .

. . .

. . . 1
0

⎤

⎥⎥⎥⎥⎦
, Bi =

[
1 0 · · · 0

]
, Ci =

⎡

⎢⎣
ei,1

...
ei,δi

⎤

⎥⎦ for i = 1, . . . , κ. (3)

Whenever δi = 0, the ith block in A as well as C is absent and a zero row occurs
in B. Denoting the sum of the δi’s by δ, it is clear that A is a δ × δ nilpotent
matrix. The above controller canonical realization can be visualized as a shift-
register with δ registers or, equivalently, as a trellis representation with pδ trellis
states, as expressed in the next definition.

Definition 12. Let C be a finite support convolutional code over Zpr of length
n and p-dimension κ, and let E(z) ∈ Z

κ×n
pr [z] be a p-encoder of C. Let δ =∑κ

i=1 rowdeg ei(z), where ei(z) denotes the i-th row of E(z), and let

(A, B, C, D) ∈ Z
δ×δ
pr × Z

κ×δ
pr × Z

δ×n
pr × Z

κ×n
pr

be a controller canonical realization of E(z) as defined above. Then the con-
troller canonical trellis corresponding to E(z) is defined as XE(z) = {Xt}t∈Z+,
where Xt = (Zn

pr , St, S
′
t, Kt) with

S0 = {0} and S′
t = {sA + uB : s ∈ St and u ∈ Aκ

p}, t ∈ Z+ and

Kt = {(s(t), s(t)C + u(t)D, s(t)A + u(t)B | s(t) ∈ St and u(t) ∈ Aκ
p}.

Note that both inputs and states take their values in a set that is not closed with
respect to addition or scalar multiplication (namely Aκ

p and Aδ
p, respectively).

4 Minimal Trellis Construction from a p-Encoder

A trellis representation X for a finite support convolutional code C is called
minimal if for all t ∈ Z+ the size of its trellis state set St is minimal among all
trellis representations of C. It is wellknown how to construct a minimal trellis
representation in terms of the code sequences of C. In fact, the theory of canon-
ical trellis representations from the field case carries through to the ring case,
see [19,4,13,10,11,20]. We recall the construction of such a representation (called
two-sided realization in [19]), adapting it for our case of finite support codes.
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Consider two code sequences c ∈ C and c̃ ∈ C. Conform [19], the concatenation
at time t ∈ Z+ of c and c̃, denoted by c ∧t c̃, is defined as

c ∧t c̃(t′) :=
{

c(t′) for 0 ≤ t′ < t
c̃(t′) for t′ ≥ t

.

We define a relation in C, for each t ∈ Z+, as follows

c 
t c̃ ⇔ c ∧t c̃ ∈ C, (4)

for c, c̃ ∈ C. The linearity of C immediately implies that 
t is an equivalence
relation on C.

Definition 13. Let C be a finite support convolutional code over Zpr of length
n. The canonical trellis of C is defined as Xc = {Xt}t∈Z+, where Xt =
(Zn

pr , St, S
′
t, Kt) with

St := C mod 
t, S′
t := C mod 
t+1 and Kt := {([c]t, c(t), [c]t+1)}.

It can be shown as in [19,10] that the above trellis is minimal. Intuitively this is
explained from the fact that, by construction, states cannot be merged.

In the field case, a minimal trellis representation for a delay-free finite support
convolutional code is obtained as the controller canonical trellis realization of a
row reduced encoder. The next theorem presents our main result for delay-free
finite support convolutional codes over Zpr . It obtains a minimal trellis represen-
tation as the controller canonical trellis realization of a minimal p-encoder E(z).

Theorem 2. Let C be a delay-free finite support convolutional code over Zpr of
length n and p-dimension κ. Let E(z) be a minimal p-encoder for C. Denote
the p-degrees of C by γi for i = 1, . . . , κ, and denote γmax := max {γi : i =
1, . . . , κ} and γ :=

∑κ
i=1 γi. Then the controller canonical trellis XE(z), defined

in Definition 12, is a minimal trellis representation for C. In particular, the
number of trellis states of XE(z) at each instant t equals pγ, for t ≥ γmax.

Proof. Consider the mapping Θt : St �→ C mod 
t, given by Θt(s) := [c]�t
,

where c ∈ C passes through state s at time t. For every t ∈ Z+, the mapping
Θt is well-defined since for any s there exists such a code sequence and any two
code sequences that pass through state s at time t are obviously equivalent.

Since the canonical trellis Xc of Definition 13 is minimal, it suffices to prove
that Θt is a bijection for every t ∈ Z+. Surjectivity follows immediately from the
fact that all code sequences pass through some state at time t. To prove that Θt

is injective, let s and s̃ ∈ St be such that Θt(s) = Θt(s̃). Let c and c̃ be code
sequences that pass through s and s̃ at time t, respectively. Then c = uE(z)
and c̃ = ũE(z), for some u, ũ ∈ Aκ

p [z]. From Θt(s) = Θt(s̃) it follows that the
sequence c ∧t c̃ ∈ C. Denote its state at time t by s′ and let u′ ∈ Aκ

p [z] be such
that c ∧t c̃ = u′E(z). We now prove that s = s′, as follows. Firstly, it is clear
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that

[
c(0) c(1) · · · c(t − 1)

]
=

[
u(0) u(1) · · · u(t − 1)

]

⎡

⎢⎢⎢⎣

D BC BAC · · ·
0 D BC · · ·
0 0 D · · ·

. . .

⎤

⎥⎥⎥⎦ (5)

=
[
u′(0) u′(1) · · · u′(t − 1)

]

⎡

⎢⎢⎢⎣

D BC BAC · · ·
0 D BC · · ·
0 0 D · · ·

. . .

⎤

⎥⎥⎥⎦ . (6)

From the fact that the rows of D = E(0) are p-linearly independent it then
follows that u(�) = u′(�) for 0 ≤ � ≤ t − 1. As a result s = s′.

We now prove that s = s̃. By the above, c∧t c̃ is a code sequence that passes
through s at time t. Denote by M ′ the degree of u′ and by M ′′ the degree of ũ.
Let M = max {M ′, M ′′}. By construction the states of c̃ and c∧t c̃ are both zero
at time M+γmax+1. Denote by s(j) the state at time j of the code sequence c∧tc̃
and by s̃(j) the state at time j of the code sequence c̃. Now recall the formula (3)
for the controller canonical form. Since s(j) = 0 for j ≥ M + γmax + 1, we have
that 0 = s(M + γmax)A = s̃(M + γmax)A, and thus the nonzero components
of s(M + γmax) and s̃(M + γmax) must be last components in a 1 × γi-block.
Also, c̃(M + γmax) = s(M + γmax)C = s̃(M + γmax)C, which means that the
last components of the 1 × γi-blocks of s(M + γmax) and s̃(M + γmax) are
equal. This follows from the fact that states only take values in Ap and that, by
construction, the last rows of the γi × n-blocks of C are rows from Elrc and are
therefore p-linearly independent. Thus s(M + γmax) = s̃(M + γmax). Repeating
this argument again and again, we conclude that s(j) = s̃(j), for j ≥ M . As a
result, u(j) = u′(j) for j = M − γmax − 1, . . . , M − 1.

If t ≥ M the theorem is proved. Suppose now that t < M . From the fact that
s(M) = s̃(M) and that u(M − 1) = u′(M − 1), it follows that s(M − 1)A =
s̃(M − 1)A which means that the first γi − 1 components of the 1 × γi-blocks
of s(M − 1) and s̃(M − 1) are equal. On the other hand, since s(M − 1)C =
s̃(M−1)C = c̃(M−1)−u(M−1)D we conclude, by the same reasoning as before,
that also the last components in the 1× γi-blocks of s(M − 1) and s̃(M − 1) are
equal, which means that s(M − 1) = s̃(M − 1). Repeating this argument again
and again, we conclude that s = s̃, which proves the theorem. Obviously, the
number of trellis states at each instant t equals pγ , for t ≥ γmax.

Example 1. Over Z4: consider the finite support convolutional code C of length
n = 3, with encoder

G(z) =
[
g1(z)
g2(z)

]
=

[
z2 + 1 1 0

2z 1 2

]
.

The controller canonical trellis associated with G(z) has 43 = 64 trellis states.
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Note that G(0) has full row rank but that Glrc does not have full row rank,
that is, G(z) is not row reduced. In fact, this code does not admit a row reduced
encoder. As a result, it is not possible to construct a minimal trellis as a controller
canonical realization of an encoder of C. We now compute a minimal p-encoder
for C from which we construct a minimal trellis.

Firstly, a nonminimal p-encoder of C is given by

E(z) =

⎡

⎢⎢⎣

g1(z)
2g1(z)
g2(z)
2g2(z)

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

z2 + 1 1 0
2z2 + 2 2 0

2z 1 2
0 2 0

⎤

⎥⎥⎦ , with Elrc =

⎡

⎢⎢⎣

1 0 0
2 0 0
2 0 0
0 2 0

⎤

⎥⎥⎦ .

Note that the rows of E(0) constitute a p-basis in Z
n
pr . The row reduction algo-

rithm of [8, Algorithm 3.11] is particularly simple in this case: by adding z times
the third row to the second row, we obtain the following minimal p-encoder Ē(z)
given by:

Ē(z) =

⎡

⎢⎢⎣

z2 + 1 1 0
2 z + 2 2z
2z 1 2
0 2 0

⎤

⎥⎥⎦ with Ēlrc =

⎡

⎢⎢⎣

1 0 0
0 1 2
2 0 0
0 2 0

⎤

⎥⎥⎦ .

Indeed, the rows of Ēlrc are p-linearly independent. The p-degrees of C are 2, 1,
1, 0, so that their sum γ equals 4. The controller canonical trellis corresponding
to Ē(z) is given by

A =

⎡

⎢⎢⎣

0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥⎥⎦ ; B =

⎡

⎢⎢⎣

1 0 0 0
0 0 1 0
0 0 0 1
0 0 0 0

⎤

⎥⎥⎦ ; C =

⎡

⎢⎢⎣

0 0 0
1 0 0
0 1 2
2 0 0

⎤

⎥⎥⎦ ; D =

⎡

⎢⎢⎣

1 1 0
2 2 0
0 1 2
0 2 0

⎤

⎥⎥⎦ .

By Theorem 2, this trellis is minimal with 24 = 16 trellis states for t ≥ γmax = 2.

5 Conclusions

In this paper we focus on polynomial encoders for delay-free finite support con-
volutional codes over Zpr . We introduce the notion of p-encoder and show that
any delay-free finite support convolutional code C over Zpr admits a minimal
p-encoder. We present a simple and efficient method to construct a minimal
trellis representation for C from such a minimal p-encoder. The method extends
the well-known procedure for constructing minimal trellises for delay-free finite
support convolutional codes over a field from a controller canonical realization
of a row reduced encoder. In addition, similar to the field case, we obtain an
expression for the minimal number of trellis states in terms of the sum of row
degrees of a minimal p-encoder. A major difference with the field case is that
our minimal trellis employs a nonlinear state space as well as a nonlinear input
space.
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Finite support convolutional codes of length n = 1 are also known as poly-
nomial block codes, which includes all cyclic and CRC codes. It follows from
our account that minimal block trellises (not allowing code component permu-
tations) of polynomial block codes over Zpr are obtained as minimal trellises of
finite support convolutional codes of length n = 1. It is a topic of future research
to investigate the connections of the results of this paper with the literature on
cyclic block codes over Zpr , see for example [1,14].
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